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In  this  work,  four  integrals  are  studied,  two  single  valued  and 
the  other  two  set  valued.  The  single  valued  integrals  are 
generalizations  of  the  Pettis  and  Bartle-Dunford-Schwartz-Lewis 
integrals  to  the  case  that  the  underlying  measure  is  only  finitely 
additive.  Also  in  the  latter  case,  the  integrals  take  their  values  in 
a locally  convex  space.  The  central  role  played  by  strong  additivity 
for  the  absolute  continuity  of  these  integrals  is  exhibited.  Vitali 
type  convergence  theorems  are  established  for  the  integrals  of  each 
kind.  For  the  Pettis  generalization,  sufficient  conditions  for  the 
convergence  of  Pettis-cauchy  sequences  are  given.  The  Bartle-Dunford- 
Schwartz-Lewis  section  concludes  with  several  theorems  on 
representation  of  operators  on  the  spaces  B(S,E),  C(S),  and  L . 

Next,  two  set  valued  integrals  are  studied.  The  first  is  a new 
set  valued  integral  for  functions  taking  their  values  in  the  space  of 


v 


bounded  convex  subsets  of  a complete  Hausdorff  locally  convex  space. 
This  integral  is  a direct  generalization  of  the  Bochner  integral  and 
is  seen  to  coincide  with  the  Aumann  and  Debrew  integrals  under  proper 
conditions.  Preliminary  to  the  introduction  of  the  integral  is  a 
study  of  infinite  series  of  sets  in  the  space  of  bounded  convex 
subsets,  and  a study  of  set  valued  set  functions.  Here  also,  the 
concept  of  strong  additivity  is  visited.  The  integral  itself  follows 
a standard  development  parallel  to  that  of  the  Bochner  integral.  The 
comparison  to  the  Aumann  and  Debrew  integrals  follows  and  then  the 
introduction  of  a weak  integral.  Finally,  a different  sort  of 
weakening  of  the  defining  hypothesis  is  explored  to  enlarge  the  class 
of  integrable  functions.  The  second  set  valued  integral  was 
introduced  by  J.K.  Brooks  in  1968  and  here  we  give  a kind  of  monotone 
convergence  theorem  for  that  integral. 
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CHAPTER  I 
INTRODUCTION 

In  this  paper  we  will  generalize  integration  theory  in  three 
directions.  First,  measures  will  be  assumed  only  to  be  finitely 
additive  with  specific  results  for  the  countably  additive  case 
indicated.  Second,  with  the  exception  of  section  II. 1 on  functionally 
defined  integrals  of  vector  valued  functions,  the  integrals  will  take 
values  in  Hausdorff  locally  convex  spaces  or  in  the  space  of  subsets 
of  a Hausdorff  locally  convex  space.  The  last  direction  is  the  case 
that  the  integral  is  set  valued. 

The  reader  familiar  with  modern  integration  theory  will  recognize 
generalizations  of  single  valued  integrals  presented  in  part  I to  be 
extensions  of  the  work  of  Pettis  [Pe38],  Bartle,  Dunford  and  Schwartz 
[Ba55]  and  Lewis  [Le70].  These  integrals  are  defined  functionally  as 
the  solutions  of  the  equations 

* r * * r * * * 

x (x)  = Jx  (f)dy  and  x (x)  = Jfd(x  y),  x e-  , 

depending  on  whether  the  function  is  vector  valued  and  the  measure 
scalar  (Pettis)  or  vice-versa  (Bartle-Dunford-Schwartz  and  Lewis). 
Though  the  integrals  have  no  countable  additivity  to  inherit  (since 
the  measures  used  will  be  assumed  only  to  be  finitely  additive),  it  is 
seen  here  that  a consequence  of  a functional  definition  of  an  integral 
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is  that  the  integral  is  strongly  additive.  This  is  due  to  the 
Orlicz-Pettis  theorem  and  the  fact  that  indefinite  integrals  of 
functions  in  L.|  are  measures  of  bounded  variation.  It  is  upon  this 
fact  that  the  absolute  continuity  of  these  integrals  rests.  The  role 
of  strong  additivity  is  increasingly  apparent  in  the  literature  of 
vector  measure  theory  (as  shown  in  Diestel  and  Uhl  [Di77] ) and  will  be 
revisited  in  the  Chapter  III. 

The  convergence  theory  of  the  generalization  of  the  Pettis 
integral  to  the  finitely  additive  case  serves  as  a model  for  the 
convergence  theory  of  the  generalization  of  the  Bartle-Dunford- 
Schwartz-Lewis  integral.  The  convergence  theorems  presented  in 
section  4 of  Pettis  [Pe38]  still  hold  in  the  finitely  additive  setting 
and  we  give  here  a more  direct  proof  of  the  density  of  simple 
functions  in  the  space  of  totally  measurable  Pettis  integrable 
functions  over  a space  of  finite  variation.  To  round  off  the 
convergence  theory  of  the  Pettis  integral,  we  present  a Vitali 
Convergence  Theorem  appropriate  in  this  setting.  The  remainder  of  the 
Pettis  section  is  devoted  to  an  analysis  of  how  the  Pettis  integral 
differs  from  the  strong  integral  and  what  additional  assumptions  are 
needed  to  guarantee  the  convergence  of  Pettis-Cauchy  sequences  of 
Pettis  integrable  functions. 

In  1972,  Lewis  [Le70]  presented  a generalization  of  the  Bartle- 
Dunford-Schwartz  integral  which  extended  the  theory  to  handle 
functions  with  values  in  a Hausdorff  locally  convex  topological  vector 
space.  The  celebrated  representation  theorem  of  weakly  compact 
operators  on  C(S)  as  vector  measures  was  extended  to  this  more  general 
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setting  and  we  include  the  result  and  the  consequential  Dunford-Pettis 
property  for  completeness.  Also  a representation  theorem  for 
operators  on  is  given  in  terms  of  a vector  measure. 

Set  valued  functions,  or  correspondences,  have  been  studied  for 
over  70  years  beginning  perhaps  with  Felix  Hausdorff  [Hau62]  in 
1922.  The  first  studies  of  correspondences  centered  around  continuity 
and  include  those  by  R.L.  Moore  [Mo25]  in  1925  and  L.S.  Hill  [Hi27]  in 
1927.  Continuity,  semicontinuity,  compactness,  connectedness,  and 
contraction  properties  continued  to  be  studied  by  many  including 
Kuratowski  [Kur32]  in  1932,  Choquet  [Ch47]  in  1947,  and  Bourbaki 
[Bo60]  in  I960.  The  fixed  point  behavior  of  correspondences  has  been 
studied  by  many  authors  including  Kakutani  [Ka4l]  in  1941  and  Michael 
[Mi56a,  Mi56b]  in  1956. 

Set  valued  integration  theory  began  properly  in  1942  with  the 
definition  of  the  first  set  valued  integral  by  C.E.  Rickart  [Ric42]. 
The  roots  of  Rickart* s integral  are  found  in  an  integral  defined  in 
1930  by  Kolmogorov  [Ko30]  in  which  the  first  glimmer  of  set  valued 
integration  theory  is  seen.  There  Kolmogorov  defined  the  integral  for 
functions  whose  values  were  sets  of  real  numbers  even  though  the 
integral  itself  is  a single  point.  Garret  Birkhoff  [Bi35]  defined  an 
integral  in  1935  which  also  allowed  integrands  to  be  set  valued  while 
the  integral  is  a single  point.  Birkhoff *s  integral  also  generalizes 
the  Bochner  integral.  Before  Rickart  presented  his  integral, 
important  ideas  about  topologies  on  spaces  of  sets  had  been  studied  by 
E.H.  Moore  and  H.L.  Smith  [Moo22]  in  1922,  by  Felix  Hausdorff  [Hau62] 
in  1927,  and  by  John  von  Neumann  [vo35]  in  1935.  Rickart  defined  a 
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type  of  convergence  of  seta  analogous  to  the  Hausdorff  metric 
convergence  of  sets.  The  topology  of  this  convergence  has  been 
demonstrated  by  Drewnowski  [Dr76]  to  be  generated  by  a uniformity  on 
the  space  of  subsets.  The  basic  idea  of  closeness  is  that  of 
considering  two  sets  to  be  close  if  each  is  contained  in  the  sum  of 
the  other  and  a particular  neighborhood  of  zero,  the  neighborhood 
being  the  measure  of  closeness.  All  such  pairs  of  sets  for  a given 
neighborhood  define  an  element  of  the  uniformity.  I have  used  a 
mixture  of  ideas  of  Hausdorff,  Rickart,  and  Drewnowski  to  define  the 
same  topology  on  the  space  of  nonempty  bounded  subsets  of  a locally 
convex  space  by  defining  a family  of  Hausdorff  like  serai -distances 
between  sets,  one  for  each  seminorm  of  the  LCS.  I have  shown  that  the 
space  of  subsets  is  complete  if  the  LCS  is  complete  and  has  a 
countably  generated  neighborhood  basis.  Using  his  analogue  of 
Hausdorff  convergence  of  sets,  Rickart  also  examined  ideas  of 
convergence  of  series  of  sets  so  that  countable  additivity  could  be 
formulated  for  set  valued  measures;  in  particular,  he  showed  his 
integral  was  countably  additive  in  this  sense.  He  called  this  mode  of 
summability  unconditional  summability.  Birkhoff  also  presented  an 
idea  of  convergence  of  series  of  sets  that  is  defined  in  terms  of 
selections  of  the  sets.  That  is,  for  a sequence  of  sets  he  considered 
sequences  of  single  vectors,  one  from  each  set.  The  sequence  of  sets 
is  summable  if  each  selection  of  the  sequence  forms  an  unconditionally 
convergent  series,  and  in  that  case,  the  sum  of  the  sets  is  the  set  of 
the  sums  of  all  the  selections.  After  M.  Sousa  [So85],  I refer  to 
this  mode  of  summability  of  sets  as  unconditional  selection 
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summability.  I have  shown  that  Birkhoff's  unconditional  selection 
summability  of  sets  and  Rickart's  unconditional  summability  are  the 
same  for  sequences  of  bounded  sets  in  a complete  LCS.  Sousa  obtained 
this  result  in  Banach  spaces.  Both  forms  of  summability  have  natural 
applications  in  the  theory.  The  former  is  more  general,  while  the 
latter  has  the  advantage  of  using  ordinary  series  of  vectors.  I have 
given  a Pettis  type  theorem  for  the  equivalence  of  weak  and  strong 
countably  additivity  for  set  valued  set  functions  by  using  Birkhoff’s 
unconditional  selection  summability  and  a generalization  by  A.P. 
Roberts  [Ro69]  of  the  Orlicz-Pettis  theorem  for  locally  convex 
spaces.  An  explosion  of  interest  in  set  valued  integration  occurred 
after  the  definition  in  1965  by  R.J.  Aumann  [Au65]  of  a new  set  valued 
integral.  Similar  to  Birkhoff's  selections  of  series  of  sets, 

Aumann's  integral  definition  involves  selections  of  the  set  valued 
functions  to  be  integrated.  A single  valued  function  is  a selection 
of  a set  valued  function  if  its  value  at  every  point  is  contained  in 
the  value  of  the  set  valued  function  at  the  same  point.  Any  function 
having  a Bochner  integrable  selection  is  Aumann  integrable  and  the 
Aumann  integral  is  the  set  of  integrals  of  all  the  integrable 
selections.  Though  this  is  a natural  generalization  of  the  Bochner 
integral,  it  gives  rise  to  an  indefinite  integral  that  is  not 
necessarily  an  absolutely  continuous  set  function.  This  is  because 
structure  of  a set  valued  function  and  of  selections  of  that  function 
can  be  very  different.  Even  very  simple  set  valued  functions  can  have 
an  enormous  number  of  selections.  Consequently,  the  set  of  Aumann 
integrable  functions  is  very  large.  Mathematical  economists,  who  had 
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already  been  studying  correspondences  and  set  valued  measures  or 
multimeasures,  quickly  became  interested  in  Aumann 's  integral  as  a way 
to  unite  two  differing  but  related  points  of  view:  one  of  sets  of 

commodities  associated  to  individual  economic  agents  and  one  of  sets 
of  commodities  associated  to  sets  or  coalitions  of  those  agents.  If 
the  individuals  form  a set  and  the  coalitions  of  agents  form  a sigma 
algebra  of  subsets  of  the  set  of  agents,  then  the  two  points  of  view 
are  those  of  set  valued  functions  and  set  valued  measures  sharing  a 
measurable  space.  A complete  study  of  this  relationship  should 
involve  an  integral  for  the  set  valued  functions  and  a Radon-Nikodym 
type  derivative  for  the  set  valued  measures.  The  Radon-Nikodym 
challenge  was  taken  by  Debrew  and  Schmeidler  [De71 ] in  1971  for  the 
Aumann  integral  when  they  produced  a Radon-Nikodym  derivative  for  set 
valued  measures  having  their  set  values  within  the  positive  orthant  of 
a Euclidean  space.  In  1972,  Artstein  [Ar72]  extended  the  existence  of 
the  derivative  to  the  general  Euclidean  valued  case.  Owing  to  the 
classical  structure  of  my  integral,  I hope  to  take  up  the  challenge  of 
finding  more  general  Radon-Nikodym  derivatives  for  set  valued 
measures,  perhaps  in  Banach  spaces.  In  fact  since  my  integral  agrees 
with  the  Aumann  integral  for  reflexive  Banach  spaces,  it  already  has 
the  Radon-Nikodym  theorem  for  the  Euclidean  case.  Debrew  [De65]  also 
defined  an  integral  of  his  own  in  his  1965  paper  and  showed  that  it 
was  equivalent  to  Aumann' s integral.  Debrew's  integral  was  an 
integral  for  functions  whose  values  were  compact-convex  subsets  of  a 
real  Banach  space.  Using  Radstrom's  [Ra52]  embedding  theorem,  the 
space  of  nonempty  compact  convex  sets  is  considered  as  a subset  of 


7 


another  real  Banach  space  and  the  integration  is  carried  out  in  the 
bigger  space  using  the  Bochner  integral.  In  1940  G.B.  Price  [Pr40] 
noted  that  the  theory  of  integration  in  a Banach  should  be  easily 
carried  to  the  metric  space  of  compact  convex  subsets  with  the 
Hausdorff  metric.  The  integral  I defined  parallels  this  aspect  of  the 
Debrew  integral  by  actually  being  a direct  generalization  of  the 
Bochner  integral,  and  as  a consequence,  my  integral  contains  the 
Debrew  integral  as  a special  case.  The  set  valued  integrals  mentioned 
so  far  are  by  no  means  a complete  list.  Another  set  valued  integral 
defined  by  J.K.  Brooks  [Br68a,  Br68b]  in  1968  treated  the  case  of  a 
set  valued  measure  rather  than  a set  valued  integrand.  I have 
provided  a kind  of  monotone  convergence  theorem  for  this  integral. 

Set  valued  integrals  have  also  found  their  way  into  statistics  in 
papers  by  Dvoretzky  [Dv50],  Kudo  [Ku54]  and  Richter  [Ri63],  into 
control  theory  in  papers  by  Hermes  [He68]  and  Jacobs  [Ja69],  and  into 
game  theory  in  a paper  by  Schmiedler  [Sc71].  While  enjoying  the 
spotlight  of  integration  theory  in  economic  studies,  general  set 
valued  measure  theory  was  also  being  studied  as  a field  of  its  own. 
Best  evidence  of  this  is  an  elaborate  study  by  Drewnowski  [Dr76]  in 
1972  where  among  other  things  he  established  Vitali-Hahn-Saks  and 
Nikodym  boundedness  type  theorems  and  also  existence  of  nonnegative 
control  measures.  Drewnowski  uses  a generalization  by  Hormander 
[Ho54]  of  Radstrom's  embedding  theorem  for  many  of  the  results.  The 
concept  of  strong  additivity  of  a set  valued  measure  plays  an 
important  role  in  Drewnowski' s study.  I have  explored  the 
relationship  of  strong  additivity  to  unconditional  summability  and 


having  defined  weak  set  valued  integrals,  I have  used  3trong 
additivity  for  their  convergence  theorems. 


CHAPTER  II 

SINGLE  VALUED  INTEGRALS 


II. 1.  Integration  of  Vector  Valued  Functions 

S denotes  a set  with  an  algebra  Z of  subsets  on  which  an  additive 

scalar  valued  function  p is  defined.  5 denotes  a Banach  space 
* 


and  - its  dual.  The  symbol  v(p,E)  denotes  the  total  variation  of 

* 

p on  a set  EeZ.  v (p,A)  denotes  the  outer  v(p)-measure 
inf.  /—  _ _v(p,E)  of  any  subset  A of  S.  A set  E ^ S is  a null  set 


'aCeeI 


» 

if  v (p,E)  =0  p is  strongly  additive  if  p(En)  + 0 whenever  (En)  is 

disjoint  in  Z.  Absolute  continuity  of  a measure  \ with  respect  to  p 

means  lim  . _ A (E ) = 0 and  is  also  denoted  by  \<<p.  A function 

f:S  + H is  a null  function  if  v* (p, {seS: |f (s ) | >e} )=0  for  all  e>0.  A 

function  f:S  -*■  5 is  a simple  function  if  it  is  constant  on  each  of  a 

finite  number  of  sets  in  Z or  if  it  differs  from  such  a function  by  a 

null  function.  A sequence  (fn)  of  functions  converges  to  a function  f 

# 

in  p-raeasure  if  liin  v (p,{s  e S:  f (s)  - f(s)  >e})  =*  0 for 

n+®  1 n 1 

every  e>0,  and  is  denoted  by  f - p f.  A function  f on  S is  totally 

p-measureable  if  there  is  a sequence  (f n ) of  simple  functions  on  S 

converging  in  measure  to  f.  A function  f on  S is  measurable  if  its 

restruction  to  each  set  E e Z of  finite  variation  is  totally  p- 

raeasurable.  A function  f on  S is  weakly  (totally)  p-measurable  if  x*f 

* * 

is  (totally)  measurable  for  every  x eS  . A simple  function 

f = LxJr.  is  integrable  if  x =0  whenever  v(p,E  ) =«  ®.  The 
n n t n n 


9 


10 


integral  of  f over  a set  E in  E is  given  by 

JEfd„  - InuC EEn)xn. 

A function  f:S  -*•  S is  Bochner  integrable  if  there  is  a sequence  (fn) 
of  simple  integrable  functions  converging  in  measure  to  f with  the 
property 

lim  f If  - f |dv(y)  = 0. 
n.m+oo-’S1  n m1 

The  integral  of  f over  a set  E of  E is  given  by 

[_fdy  = lim  [_f  dy. 

JE  n-*»JE  n 

The  integral  is  independent  of  the  particular  sequence  (f  ) used.  A 
useful  property  of  an  integrable  function  f is  the  existence  of  a 
sequence  (fn)  of  simple  integrable  functions  such  that 
limn|s|fn  - f | dv ( y ) = 0.  The  space  of  Bochner  integrable  functions  is 
denoted  by  L^CS.E.y.S)  and  is  a normed  space  with  norm 

|f|.j  - Js|f|dv(y).  A function  f:S  -*•  5 is  Dunford  integrable  if 

* * # * (■  # 
x f e L,  for  every  x e E . The  functional  x -*•  J x fdy  is  the  Dunford 

integral  of  f over  E e E.  If  f is  Dunford  integrable,  we  define 

N(f)  = 3uP|x*|^Js|x*f|dv(y) 

which  is  a nonnegative  subadditive  possibly  infinite  functional  with 
N(af ) = | a J N (f ) for  a scalar.  Note  also  that  |x*f|1  £ |x*|N(f).  If  f 
is  Dunford  integrable  and  the  Dunford  integral  over  E e E is  an  element 
of  x for  every  E e E,  then  it  is  called  the  Pettis  integral  of  f. 

D(S,E,y,S)  denotes  the  linear  space  of  Dunford  integrable 
functions  and  P(S,E,y,S)  denotes  the  subspace  of  Pettis  integrable 
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functions.  D1  and  P1  denote  the  subspaces  of  D and  P respectively  for 
which  N(f)<«. 

Theorem  1 . For  feP,  the  set  function  E JEfdy  on  Z is  strongly 
additive  and  y-continuous. 


Proof:  Let  E,  F e Z such  that  EF  = 0.  Since  the  Bochner  integral  i3 

* 

additive  on  Z,  we  have  for  each  x e 5 

X^EUFfdy  = lEUFX*fdy  = IEX*fdu  + /FX*fdu  3 X*(/Efdu  + /Ffdy)* 

That  JE<jFfdy  “ jgfdy  + /Ffdy  now  follows  from  the  fact  that  E* 

separates  points  of  E.  Let  <j>  = Jfdy.  If  (En)  is  a disjoint  sequence 

* * 

in  Z,  then  so  is  (En  ) for  any  subsequence  (nk).  Let  x e S 

* 

be  arbitrary.  Then  x $ is  a measure  of  bounded  variation  and  in 

* 

particular  it  is  strongly  additive.  Thus  Z x <t(E  ) is  convergent. 

n n. 

k 

By  the  Orlicz-Pettis  Theorem  it  follows  that  Z d> (E  ) is 

nr  n 

unconditionally  convergent  hence  <j>  is  strongly  additive.  It  then 

ft  * 

follows  that  {x  <j>:  |x  | S 1}  is  uniformly  strongly  additive.  Since 

ft  ft 

lim  , -x  d> ( E ) = 0 for  every  x it  follows  from  Theorem  1 of 

v(y,E)  ->■  0 y 

* * 

Brooks  [Br73]  that  lim  , _x  d>  (E ) = 0 uniformly  for  lx  I SI. 

v(y,E)  ■*  0 11 

ft 

Since  1 4> (E ) | = sup | x*  | ^ ■[  I x <J>(E)|,  it  follows  that  <t>  is  y-continuous. 

Corollary  2.  For  f e P,  the  vector  measure  E Lfdy  is  bounded  and 
" * E 

has  relatively  weakly  compact  range  (see  [Ri44f  Theorem  2.4]  and 
[Di77,  Corollary  1.5.3]). 


Lemma 


Thus  P 


3.  For  f e P,  we  have  sup^  ^ l^fdy  |SN(f  )S4supR  p ^ | JRf dy  | . 


E e Z J E 


P by  Corollary  2 


12 


r #  *  * 

Proof:  Let  4> (E ) = l^fdy.  For  x e 5 we  have 

— — * £ 

I x*f | 1 = v(x%,S)£4supE  e z| JEx*fdu|^4supE  g z|JEfdu|; 

hence 

N(f)  - *“P|,*|stl**f|1S,'»upE  E tlJEMu|. 

Also,  | <f>  ( E ) J =■  SUP|X»|S1|X  4>(E)  |£N(f );  hence  supE  £ ^ | <j>(E)  | £N(f ) . 

Theorem  4.  If  f e P is  y-measurable  and  v(y,S)<®,  then  there  is  a 

sequence  (fn)  of  simple  integrable  functions  such  that  N(f^  - f)  -*■  0. 

Proof:  Let  (gn)  be  a sequence  of  simple  (integrable  since 

v(y,S)<®)  functions  converging  in  measure  to  f.  For  each  k choose  nk 
and  E e E such  that  v(y,E.  )<1/k  and  |g  (s )-f (s ) | <1/k  for  s e S - E.  . 

k k rij^ 

Let  f (s)  =■  g (s)  for  s e S - E and  f (s)  « 0 for  s e E.  . 

K n,  K K K 

* k 

For  |x  |£1  we  have 

/s|x*(f  - fk)|dv(u)  - JS_E  |x*(f  - gn  )|dv(w)  + /E  | x*f |dv(p) 

k k k 

S v(u,S)/k  + J | x f | d v C p ) 
bk 

=■  v(u,S)/k  + v(|x*fdu,Ek) 

* v(y,S)/k  + 4supF  E >F  e El|Fx*fdu| 

* v(u,S)/k  ♦ 4supF  qe  fF  e El/FfcM- 

k 
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Hence 

N(f  - fk)  - sup|x»|slJs|x’<f  - fk)|dY(„) 

Sv(„,S)/k  * HsupF  ^ E^F  £ j.|JFfdU|. 

Since  Jfdy  is  y-continuous  and  v(y,E  ) -*■  0,  it  follows  that 
lim.  ^ N (f  - f.  ) = 0. 

The  space  of  functions  f e such  that  N(f  - f^)  0 for  some 

sequences  (fn)  of  simple  functions  will  be  denoted  by  P (SfI,y,H). 

1 1 2 

Theorem  5.  Let  f:S  -*•  5.  If  there  is  a sequence  (fn)  in  D-, 

£ £ £ 

with  N(f  - f ) + 0 as  n.m  + « and  x f - y -*■  x f for  each  x , then 
n m n 

f e D,  and  N(f  - f)  0. 

1 n 

£ £ 

Proof:  For  x e 5 we  have 

Islx'<fn  ' S |x*|NCfn  - f„). 

* * * 

hence  (x  f ) is  cauchy  in  L. . Since  xf  - y + x f,  it  follows 
n 1 n 

that  x*f  e L,  and  x*f  ♦ x*f  in  L, . Let  e > 0 and  choose  n such 
in  i t 

i * i 

that  N(f  - f ) < e for  n,m  £ n . Then  for  n £ n and  x S 1 we  have 
n m e £ 

{s|x*(fn  - f)|dv(p)  - llVJs|x*(fn  - fn)|dv(„)  S e 

thus  N(f  - f)  £ e. 
n 

Corollary  6.  Let  (fn),  f be  as  above.  If  f e P for  each  n, 

then  f e P and  Lfdy  =■  lim  ^ Lf  dy  for  each  E e E. 

J E n -►  h n 
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# 

Proof.  From  the  proof  of  Theorem  5 we  have  x f e and 
£ £ # 

x f + x f in  L,  for  each  x , and  f e D, . Let  Eel.  Since 
n ‘ 1 

I L(f  - f )dp|  S N(f  - f ) -* *■  0 it  follows  that  the  limit  lira  f f dp 
1 J E n m 1 n m n-*»J  E n 

* 

exists.  If  this  limit  is  denoted  by  x , then  for  each  x we  have 

E 

x*xE  - x*(limn^JEfndu)  = liran+JEx*fndp  = JEx*fdp; 
hence  f e P^and 

Lfdp  =>  = lim  Lf  dp. 

'E  E n-*»JE  n 


Corollary  7.  Pg  £ P. 

Corollary  8.  For  f e P3  the  set  functin  E JEfdp  has  relatively 
compact  range. 

Proof:  Let  X (E)  =•  f„fdp.  If  f is  simple,  then  by  Corollary  2 the 

range  of  X is  a bounded  subset  of  a finite  dimensional  subspace 

of  5 hence  is  relatively  compact.  In  general  let  (fn)  be  a sequence 

of  simple  integrable  functions  such  that  N(fn  " f)  0,.and  let 

X (E)  =»  Lf  dp.  By  Lemma  3 we  have 
n J E n 

3upE  € £lln(E)  • 1<E)I  * °- 

Corollary  9.  f e P„  iff  there  is  a sequence  (fn)  of  simple  integrable 

' 3 

# # 

functions  such  that  lim  N(f  - f ) = 0 and  x f - p -*•  x f for 

n ,m-*»  n m n 

* * 
every  x e S . 

Proof:  If  f e P_,  then  there  is  a sequence  (fn)  of  simple  integrable 

~ s 

functions  such  that  N(f  - f)  -»■  0.  Clearly  N(f  - f ) -*■  0 as  n ra  «. 

n n m 
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* 

Also,  for  each  x we  have 

js|x*(fn  - f)|dv(y)  S |x*|N(fn  - f)  - 0 

and  it  follows  from  the  Vitali  convergence  theorem  that 

£ £ £ £ 
x f - u -*■  x f.  Conversely  assume  N(f  - f ) -*■  0 and  x f - y -*•  x f 
n n m n 

£ 

for  each  x . By  Theorem  5 and  Corollary  6,  f e P1  and  N(f^  - f)  + 0 

thus  f e P . 

s 

Theorem  10.  Assume  Z is  a a-algebra  and  v(y,S)0  and  let  f:S  -*•  5. 

If  (fn)  is  a sequence  in  P such  that  the  limit  lim^^J  gfndy  exists  for 

£ £ £ 

each  Eel  and  such  that  x f - y -*•  x f for  each  x , then  f e P and 

Lfdy  = lim  Lf  dy. 

J E n^®JE  n 

Proof:  Let  x*  e S*.  Since  lim  f_x  f dy  exists  for  each  E e Z,  it 

n^°°J  E n 

follows  from  Theorem  3 of  Brooks  [Br70]  that 

r * 

lim  , _ Lx  f dy  = 0 

v(y,E)  -*>  0JE  n 

uniformly  for  n = 1,2 Since 

JE|x*fn|dv(l,)  . v(Jx*fnd„,E)  S 43UPfC-e_f  e E|JFx*fndp|, 
it  follows  that 

lim  / „L|x*f  Idv(y)  =»  0 

v(y,E)  -*■  0J E 1 n1 

£ £ 

uniformly  for  n =«  1,2,....  Since  x f - y -►  x f and  v(y,S)<®,  it 

* 

follows  from  the  Vitali  Convergence  Theorem  that  x f e L1  and 
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£ £ # * 
x f + x f in  L, . For  x e 5 we  have 
n 1 

* r r * r * 

x (lim  If  dy)  = lim  Lx  f dy  =*  lx  fdy. 

n -►  ®JE  n n -*•  ®JE  n JE 

Hence  f e P and  JEfdy  =*  limn  ^ 

Theorem  1 1 (Vitali  Convergence  Theorem  for  P and  v(y,S)<®). 

Let  (fn)  be  a sequence  in  P and  f:S  •+  5.  Then  f e P and 

N (f  - f)  0 iff 
n 

* * . * . 

(1)  x f - u -*•  x f uniformly  for  x S 1,  and 

n 

(2)  lim  . J f dy  = 0 uniformly  for  n =■  1,2,.... 

Proof:  Assume  the  conditions  (1)  and  (2)  hold.  We  first  show  that 

lim  N (f  - f ) =>  0.  Let  e > 0.  Since 

n,m  -*■  ® n m 

JEl**fnld’'<>i)  * v(Jx*fndu,E)  S «3UPf(-EiF  t E|/Fx*fndp| 

S |x*|lt3upF(-E>F  e ElLnd,‘* l 2 

it  follows  from  (2)  that  we  may  choose  a number  6 > 0 such 

that  v(y,E)  < 5 implies  J |x*fjdv(y)  < e for  all  |x*|S1  and 

n =*  1,2 From  (1)  we  choose  an  integer  n such  that 

• e 

for  n,m£n  there  is  a set  E e Z with  vCy.E^)  < 5 and 
e nm  nm 

|x*(f  (s)  - f (a ) ) | £ e for  s e S - E^  and  |x  | SI.  Thus 
for  | x | £ 1 , 
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JE  lx‘(fn  ' fm)ldv(u)  - E lx*(fn  ' Vldv(u) 
am  nm 

< 2 e + ev(y,S) . 

Hence 

N(fn  ' V ' 3up|x* j S Jx*(fn  ' VN  < E<2  * T("’S)) 

for  n,m  £ n and  we  have  N(f  - f ) -*•  0.  By  Theorem  5 and  Corollary  6 
e n m 

it  follows  that  f e P and  N(fn  - f)  -*■  0.  Conversely,  assume  f e P 

and  N(f  - f)  -*•  0.  Let  e > 0 and  choose  n such  that  N(f  - f)  < e 
n e n 

for  n £ n£.  For  each  n £ n£  and  x e 5 , the  nonnegative  function 

£ 

lx  (f  - f)|  is  in  L,;  hence  there  is  a sequence  (h  , *)“  , of 
1 n 1 1 nkx  /k=i 

nonnegative  simple  integrable  functions  converging  in  y-measure  to 
| x* (f n - f ) | such  that 

Jshnkx*dv(w)  * /Slx*(fn  ' fHdv(u) 

i * i 

as  k -*■  ®.  Then  for  n Z n£,  |x  | £ 1,  and  large  k,  we  have 

^Sdnkx*dv^  < 2e  and  witll0Ut  1033  of  generality  we  assume  this  true 

for  all  k.  For  Y > 0,  let  Enkx*y  =■  {s  e S:hnj<x*(s)  > Y}.  Since  hnkx* 

is  a simple  function  we  may  assume  E , * e E.  We  have 

nkx  Y 

YT(u'E„kxV  ' /e  „ • Yd’,(“)  £ /Shnkx*dv(>')  < 2e 

nkx  Y 

i * i 

for  n 2 n and  |x  | SI;  hence  v(y,E  * ) < 2e/Y. 

£ HKX  T 
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Since  h,  * - y -*•  |x  (f  - f)|  there  is  for  each  k large,  a set 
nkx  1 n 1 

Fnkx\  ln  J 3u0h  that  v("'FnkxV  < e/T  ““  lhnkx‘  ' lx‘(fn  * f>ll  < ^ 

for  3 E S • FnkxV  Let  °nkxY  • Enkx*Y  U FnkxV  Ft>r  k large  and 

s e S - G , * we  have 
nkx  Y 

|x*(fn(s)  - f(s))|  £ hnkx*(s)  + lhnkx*(s)  • lx*(V3>  “ f(3)|l  < ^Y . 
Let  p , 5 > 0 and  choose  Y,e  such  that  2Y  < p and  3e/Y  < 6.  Then  for 

i*i  i * 

n Z n , |x  | £ 1 and  large  k we  have  |x  (f  (s)  - f(s))|  < p except  for 
s n 

s e G * where  G * e E and  v(y,G  , * ) < 5.  It  follows  that 
nkx  Y nkx  Y nkx  Y 

$ $ x 

x f - y -*•  x f uniformly  for  |x  | £ 1.  Thus  (1)  is  proved.  By  a 

familiar  argument  we  have  lim  , | x*f |dv(y)  = 0 uniformly 

v(y,E)  -►  0J  E 1 1 

for  |x*|  £ 1;  hence  there  is  a 5>0  such  that  L|x*f|dv(y)  < e 

Cl 

X x 

for  v(y,E)  < 6 and  |x  | £ 1.  Then  for  such  E and  x we  have 

/E I x*fn  ldv(u)  * J"e  lX*(fn  ‘ f)ldv(M)  + JE|x*f|dv(u)  < 2e 

for  n £ n . For  each  n = 1,2,  n - 1,  choose  5 such  that 
e e n 

c * * 

JEIX  fn|dv(p)  < e for  v(y,E)  < 6£  and  |x  \ £ 1.  The  theorem  is 

complete  if  6 is  replaced  by  min,  . „ {5  ,5}. 

1 a n s n - 1 n 
e 

Lemma  11a.  For  each  f e P and  e > 0 there  is  a 3et  E e E such  that 
s £ 

v(u,E£)  < « and  sup  | x*  j ^ i J"S  - e lx*fldvM  < e* 

Proof:  Choose  a simple  integrable  function  f such  that  N(f  - f ) < e. 

e e 

Let  E be  the  union  of  those  sets  f ^s)  for  f (s)  * 0.  Since  f is 
£ e e £ 

integrable  we  have  v(y,E  ) < °».  For  each  x we  have 

e 
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Js  - E |x*r|<lv(u)  * Jg  _ E |x*(f  - f£)|dv(u)  + J _ E |x*f  |dv(u) 

e e e 

-Js  . E lx*(f  ' f*£)|dv(u). 

e 

Hence  for  |x  | £ 1 we  have 

3uP|x*|  ^ Js  . E |x*f|dv(u)  * N(f  - f£)  < e. 

Theorem  12  (Vitali  Convergence  Theorem  for  P3).  Let  (fn)  be  a 

sequence  in  P_  and  f:S  5.  Then  f e P and  N(f  - f)  -*■  0 iff 
s s n 

£ £ £ 

(1)  x fR  - y x f uniformly  for  |x  | £ 1, 

(2)  limv(u  E)  0{Efndu  = 0 uniformly  for  n = 1*2»***>  and 

(3)  for  each  e > 0 there  is  a set  E£  e E with  v(y,E£)  < ® and 

f 1*1  1*1 

Js  _ E |x  fn|dv(y)  < e for  each  |x  | £ 1 and  n = 1,2 

e 

Proof;  Assume  conditions  (1),  (2),  and  (3)  hold.  Again  the  first  aim 

is  to  show  N(f  - f ) -*>  0.  Let  e > 0 and  let  E e E be  given  by 
n m e 

■ * . 

(3).  For  |x  | £ 1 we  have 

lx*(fn  • vli  ■ Is  - E lx‘(fn  ' Vdv<u)  * JE  lx‘(fn  - livCu) 

E £ 

S 2e  .J  |x*(fn  - fm)|dv(„), 

£ 

thus  we  may  assume  that  v(y,S)  < «.  By  the  first  part  of  the  proof  of 

Theorem  11  it  now  follows  that  N(f  - f ) ■*■  0 and  thus  f e P and 

n ra 
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N(f  - f)  -►  0.  It  remains  to  show  f e P . For  each  n.  f e P ; hence 
n s n s 

there  is  a simple  integrable  function  hn  such  that  N(f  - h ) < 1/n. 

n n n 

Then 


N(h  - h ) £ 1/n  + 1/m  + N(f  - f ) 
n m n m 

and  thus  N(h  - h ) -*•  0.  For  each  x*  we  have 
n m 

|x*(f  - h )l  £ |x*|N(f  - h ) 

1 n n 1 1 1 1 n n 

* u * x 

so  that  x (f  - h ) -*•  0.  By  (1)  it  follows  that  x h - u -*•  x f and 
n n n p 

Corollary  6 shows  that  f e P . 

s 

Conversely,  suppose  f e P and  N(f  - f)  -*•  0.  Since  f , f e P, 

s n n 

the  converse  of  Theorem  11  shows  (1)  and  (2)  hold.  To  show  (3),  let 

e > 0.  Choose  n such  that  N(f  - f)  < e/2  for  n i n . Since  f e P 
e n e s 

there  is  by  Lemma  12  a set  E#  e E such  that  v(y,E#)  < « and 
Js  _ E lx*f|dv(u)  < e/2  for  all  |x*|  £ 1.  Thus 

^ S - E lx*fnldT(l,)  5 /S-Ejx*(fn  ' f>|dv(U)  * Js  . E |x*f|dv(u) 

S N(f  - f)  + e/2  < e 
n 

for  all  n £ n . For  each  n < n , f e P : hence  there  is  a 
e e n s 

e 

set  E e E such  that  v(y,E  ) < ® and  f | x*f  Idv(jj)  < e. 

n -1  ne 

For  Ee  E*U(Un!  1 En  ),  we  have  v(y,E  ) < ® and 

e 

Js  _ £ |x  fn|dv(y)  < e for  all  n. 
e 
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Lemma  13.  Let  A (E ) = 7.  *x.u(EE.)  where  x.  e 5 and  the  series 

i=1  li  l 

converges  unconditionally  for  every  E e E.  Then  J |x^|v(ii,EE^) 
converges  iff  v(A,E)  < ». 


Proof:  For  convenience  assume  E 

sequence  in  E.  Then 


S.  Let  (A  ) , be  a disjoint 

n n=1 


In|A(An>|  - InIIlV<AnVl 
S Vtlxllv(“-AnEi) 

' ^1lx1l^nv(u’AnEl) 

* li |xi|v(y,E.); 

hence 

v( A ,S)  S ^ |xi |v(u,Ei). 

Conversely,  fix  n and  let  e > 0.  For  each  i =■  1,...,n,  choose 
F.  C“  E.  such  that 

l v—  l 

4|y(F.)|  > v(w,E.)  - e/M 

where  M = Then  (F^ ) is  disjoint  and  we  have 


4v( A ,S)  * 4^=1|A(F.)|  = ^i.JIjXjUCF.Ej)! 

“ > I^1|xi|(v(u,Ei)  - e/M 

= [^i-1 lxilv(w,Ei)]  " e‘ 


Since  e > 0 is  arbitrary,  it  follows  that 


lj=1 |xL |v(y,E.)  £ 4v(A ,S) . 

This  being  true  for  all  n,  we  have  the  desired  inequality. 

Lemma  14.  Let  (y^)  be  a sequence  of  measures  from  E to  E with 

uniformly  bounded  variation  on  S.  If  the  limit  X (E ) = lim  y (E) 

n+®  n 

exists  for  all  E e E,  then  v(A,S)  £ sup  v(y  ,S). 

n n 

Proof:  Let  M = supnv(yn,S),  e > 0,  and  (E^  1 a finite  disjoint 

sequence  in  E.  For  each  i,  choose  an  integer  n^  such  that 

| A(E. ) - u (E . ) I < e/k  for  n £ n. , and  let  n = max.n. . Then 
1 i n l 1 i e i i 

Ii|A(E1)|  ^ e + lt |un  (Ei)|  ^ e + v(un  ,S)  S e + M. 

e e 

Since  e > 0 is  arbitrary  it  follows  that  v(A,S)  £ M. 

Theorem  15  (Pettis).  If  y is  countably  additive;  then  E ■*  f„fdy  is 

J E 

countably  additive. 

In  the  remainder  we  assume  (S,E,y)  is  a measure  space.  In 
Theorem  16,  Corollary  17,  and  Theorem  18,  (S,E,y)  is  assumed  to  be 
a-finite  real  measure  space. 

Theorem  16.  Let  f be  a measurable  function  in  P(S,E,y,5).  Then 
f e L iff  v(Jfdy,S)  < ®. 

Proof : By  Theorem  2 of  Brooks  [Br69]  there  is  a bounded  Bochner 

integrable  function  g,  and  a countably  valued  function 
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_ 00 

h = l.  x.  1 where  (E,- ) is  a disjoint  sequence,  such  that  f = g + h, 
and  J fdy  = j gdy  + £.x.y(EE.)  where  the  series  converges  uncondi- 
tionally  for  every  E e E.  This  theorem  also  states  that  f e L^  iff 
the  series  is  absolutely  convergent  for  each  E.  Let  1(E)  represent 
the  series.  By  Lemma  14  the  series  is  absolutely  convergent  iff 
v(A,E)  < ®.  Since  v(Jgdy,S)  =»  L|g|dv(y)  < ®,  it  follows  that 

u 

VU.S)  < ® iff  v(Jfdy,S)  < ®. 

Corollary  17.  For  measurable  f e P,  v(Jfdy,E)  = J |f|dv(y). 

Proof:  If  f e L^  , then  the  formula  is  known  to  hold.  If  f is  not  in 

L1 , then  Theorem  16  shows  that  v(Jfdy,S)  = ® which  is  consistent  with 
the  definition  of  the  Bochner  integral  of  the  nonintegrable  positive 
measurable  function  |f|. 

Theorem  18.  Let  f be  a measurable  element  of  P.  If 

lim  nv(y,{s  e S:m  < I f (s ) I S n})  =■  0,  then  f e L, . 

n,m->-®  1 1 1 

Proof : Without  loss  of  generality  we  may  assume  E is  complete.  Let 

(E)  =»  f fdy  where  E =*  {s  e S : I f (s ) I £ n}.  Since  E +S  and  [fdy 

n 4 Cic*  n n J 

n 

is  countably  additive,  we  have 

<J>  (E)  =»  f fdy  -*•  (fdy  for  all  E e E. 
n •'EE  J E 

n 

For  all  n and  m with  n £ m we  have 

v(<J>n  “ VS)  = I E - E lfldv(y)  * nvU,En  - Em)  -*•  0. 

n m 

Thus  (<j>n)  is  cauchy  in  ca(S,E,5);  hence  it  is  bounded.  By  Lemma  15, 
we  have  v(/fdy,S)  £ supnv(<j>n,S)  < ®. 
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Theorem  19.  Let  5 be  a reflexive  space  which  is  separable  or  has  a 

separable  dual.  Let  (f„)  be  sequence  in  P such  that  N(f  - f ) -»•  0. 

11  n m 

If  supn|fn(s)|  < ® for  y-almost  all  s e S,  then  there  is  a function 

f e P such  that  N(f  - f)  -*•  0. 

n 

* * * * 

Proof : Let  (x^ ) be  a dense  sequence  in  5 . For  each  x , (x  f ) is 

cauchy  in  L1  and  therefore  cauchy  in  measure.  By  Riesz’s  theorem  there 

* * 

is  a subsequence  (np)  depending  on  x such  that  (x  f ) converges 

np 

y-almost  everywhere.  Using  a diagonal  process  we  obtain  a subsequence 
* 

(nu)  such  that  (x.f  ) converges  almost  everywhere  for  each  i.  Let  E 
in 

*3  ** 

be  the  null  set  described  and  fix  s e S - E.  Let  x,  e 5 defined 

k 

*3  * * *3 

by  x^  x - x fn  (s).  By  our  construction  the  sequence  (xk  )k 
converges  on  the  fundamental  set  (x^)  of  S and  by  hypothesis  we 

. *s  * . 

have  supk|xk  x | < ».  It  follows  from  the  Uniform  Boundedness 

Principle  that  the  limit  x3x  = limkxk3x  exists  for  all  x e E 
s **  s 

and  that  x e S . Define  f(s)  = x . Then  by  hypothesis  f(s)  e S and 
* 

for  each  x we  have 


* *3  * 3 * * 
x f (s)  = x.  x + XX  = x f(s). 
n,  k 

k 

* * 

Since  y is  countably  additive  it  follows  that  x f - y -*■  x f.  Hence 

nk 

* * ** 
x f - y -*■  x f and  by  Theorem  5 and  Corollary  6 we  have  f e P and 

N (f  - f)  * 0. 
n 


Corollary  20.  If  E is  reflexive  and  (f  ) is  a sequence  of  measurable 
n 

functions  in  P such  that  N(f  - f ) -*>  0 and  sup  If  (s)|  < » almost 

n m n 1 n 1 

everywhere,  then  f e P and  N(f  - f)  -*•  0. 

n 
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Proof:  For  each  fn  there  is  a sequence  (s^)  of  simple  functions  such 

that  s^n  -*■  fn  almost  everywhere.  Let  SQ  be  the  closed  linear  span  of 
the  set  {sin(S):i,n  = 1,2,...}.  Then  (fn)  is  a sequence  in 
p (S ,E , U ,Hq ) where  SQ  is  reflexive  and  separable.  By  Theorem  19,  there 
is  a function  f e P(S,E,y,SQ)  such  that  N(f^  - f)  4 0 in 
P (S  ,E , U ,-g ) • Clearly  f e P(S,E,y,S)  and  by  the  Hahn-Banach 
Theorem  N(f  - f)  4 0 in  P(S,E,y,S). 


Theorem  21 . Assume  5 has  the  Radon-Nikodym  Property.  Let  (fn)  be  a 

sequence  in  P such  that  N(f  - f ) -*•  0 and  suppose  there  is  a disjoint 

n m 

sequence  (E^  in  E such  that  S =>  ^ and  the  sequence  (fn)  is 

uniformly  bounded  in  L^S.Elg  , ulzpjE  .=  ) for  each  i'  Then  there  is 

a function  f e P such  that  N(f  ■ f)  4 0. 

n 


Proof:  By  lemma  3,  X(E)  = lim  Lf  dy  exists  for  each  E e E.  By  the 

n-K»J  E n 

Vital i -Hahn-Saks  Theorem  it  follows  that  limv(u  E)_>0*(E)  = °*  By 

Lemma  15,  we  have  v(X,Ei)  < ® for  all  i.  Since  E has  the  Radon- 

Nikodym  Property  there  is  a function  f*  e L.j(S,E|e  , y|j.p^E  »-) 

, i#  # i 

such  that  X (EE . ) - f f1dy  for  every  E e E.  Let  x e S , E e E.  We 
i 1 EE^ 

have 


(1) 


r * i *r  i * , 

Jee  x f du  - x JEEif  dP  “ x ^EEi> 

= x lim  f dy 

n-^EEj^  n 

r * 

= lim  J__  x f dy. 
n->»JEEi  n 
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Since 

L |x*(f  - f ) |dv(p)  < N(f  - f ) + 0 

J E^  n m 1 n m 

and  since  L1  is  complete,  there  is  a function  g # e L^CE^)  such  that 

x 

Jg  lx*fn  ' 8 *|dv(p)  - 0. 
ni  x 

Hence  by  ( 1 ) we  have  for  each  E e E , 

f __  x*fidp  = lim  f__  x f dp  = L_  g „dp. 

JEEi  n-^EEj^  n 1 EE^  x* 

By  Lemma  III. 6. 8 of  Dunford  and  Schwartz  [Du58]  it  follows  that 
* i 

x f = g * y-almost  everywhere  on  E^.  Then 
x 

* * i 

X f - U + X f 


,*  * * 
on  Ej_.  Define  f on  S by  f(s)  = f (s)  for  seE^,  and  let  x e E , 

and  En  = {s  e E.:|x  (fn(s)  - f (s))|  > 6}.  Since  u is  countably 

additive  we  may  assume  E*  e E.  For  each  i there  is  an  integer  n,  such 

n 1 

that  v(p,E*)  < e/2i+1  for  n £ n^ . We  may  choose  (n^)  such 

that  n.  . > n,  for  every  i.  Then  for  k and  n £ n,  we  have 

1+1  i k 


v(p,{s  e S:|x  (fn(s)  - f(s))|  > 5}) 


< £/2  * Ck*,T(“-En)' 
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Since  y is  strongly  additive, 

^i-k+1v(u,En)  0 a3  k * "• 

r*®  i 

Thus  for  kg  such  that  }.  v(y,E  ) < e/2,  n £ n implies 

iaK  ■ 1 n Kq 

* * $ 
v(y,{s  e S:  |x  (f^Cs)  ” f(s))|  > 5})  < e;  hence  x f^  - y -*•  x f for 

* 

all  x . By  Theorem  5 and  Corollary  6,  it  follows  that  f e P and 

N(f  - f)  -►  0. 
n 

II .2  Integration  With  Respect  to  a Vector  Valued  Measure 
Let  (X,t)  be  a complete  Hausdorff  locally  convex  space  with 
neighborhood  basis  y.  Without  loss  of  generality  we  may  assume  each 
U £ f is  balanced  and  convex.  Thus  for  each  U e '?  the  gauge  p of  U 
satisfies  p(otx)  =*  |a|p(x)  for  x e X,  a scalar. 

* 

Lemma  1 . For  each  continuous  linear  functional  x on  X there  is  a 

. * i 

continuous  seminom  p such  that  |x  x|  £ p(x)  for  every  x e X.  In  this 
* 

case- we  write  x £ p. 

Proof:  Let  x eX,U={x:|xx|<1}.  Then  U e Let  p be  the 
gauge  of  U,  and  fix  xQ  e X.  If  p(xQ)  is  nonzero,  then  we  have 
pUg/pCXg))  £ 1;  hence  x^/pCx^)  e U and  consequently 

ix*x0 I " P^x0} I x*(x0/p(x0) ) | £ p(xQ). 

Suppose  p(xQ)  = 0.  Then  xQ  e aU  for  every  a > 0 or  xQ/a  e U;  hence 

i * / n i i*i  1*1 

|x  (Xq/o) I < 1 and  we  have  |x  xQ|  < a.  It  follows  that  | x xQ | =0 

# 

so  that  | x Xq | S p(xQ)  in  this  case  als0* 
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Let  S be  a set  with  an  algebra  E of  subsets  and  let  y:E  -►  X be  an 
additive  function.  For  each  continuous  serainorm  on  p on  X define 

lu  Ip  (E)  * supx*£pV(x*u»E) . Clearly  |y|p(E)  £ ilsupp  £ p g £p(v(F)). 

# 

| u | (A)  denotes  the  extension  inf  |y|  (E)  of  |y|  to  P(S). 

p A ^ c«  > fci  £ 2#  p p 

Lemma  2.  p(y(E))  £ ju |p (E ) . 

Proof:  Let  XQ  be  the  one  dimensional  subspace  {oty(E):a  scalar}.  For 

* * 

x = au(E)  e Xq  define  x x = ap(y(E)).  Then  |x  x|  = |a|p(y(E))  = p(x); 

* * 
hence  x £ p on  XQ.  By  the  Hahn-Banach  theorem  x can  be  extended  to  X 

* # 

in  such  a way  that  x x £ p(x)  for  all  x e X.  Then  x £ p on  X and  thus 
p(u(E))  - |x*y(E)|  £ v(x*y,E)  £ |y|  (E). 

r 

Theorem  3.  If  y is  weakly  countably  additive,  then  it  is  strongly 
countably  additive  (see  Grothendieck  [Gr53]). 

Theorem  3b.  If  y is  countably  additive  and  (En)  is  a monotone 

sequence  in  Z with  limit  E e E,  then  |y|  (E  ) -*•  |y|  (E).  (See  Lewis 

' *p  n P 

[Le70] . ) 

Note:  Lemma  2 also  follows  from  the  fact  that  |y|  (E)  = 

P 

sup(Ei<xiy(EEi ) ) where  the  supremum  is  taken  over  all  finite  sets 
{a1 ,a2, . . . ,anJ  of  3calars  with  |ai|  £ 1 and  all  finite  sets 
{E1 *e2, ... »EnJ  of  disjoint  sets  in  E.  (See  Proposition  1.11(a)  of 
Diestel  and  Uhl  [Di77]  and  Corollary  1.7.2  of  Edwards  [Ed65]  from 
which  the  equation  p(x)  = sup{|x  x|:p(x  ) £ 1}  for  p(x  ) = 

3upp(x)<1  lx#xl  roll™3-) 

A scalar  valued  function  f defined  on  S is  y-measureable  if  for 
every  continuous  seminorm  p and  e,5>0  there  is  a simple  function  $ 
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* 

such  that  |p|  p({s:|f(s)  - <j>(s)|  > e})  < 5.  Note  that  in  this  case 

there  is  for  each  such  p a sequence  ( 4>^ ) of  simple  functions  such 

that  |u l*p({s:  |f (s)  ~ <j>n(s)|  > e})  * 0 for  all  £ > 0*  If  such  a 

sequence  can  be  chosen  independently  of  the  seminorms  p,  then  f will 

be  called  sequentially  measurable.  If  X is  raetrizable  or  if  p has  a 

control  measure,  then  every  measurable  function  is  sequentially 

measurable.  A sequence  (fn)  converges  in  p-measure  to  f if 

|p|*  ({s:  |f  (s)  - f n (s ) | > e})  -*•  0 (equivalently,  fn  + f in  p(p)- 

measure  for  every  e > 0).  A scalar  valued  function  f defined  on  S is 

* 

p-integrable , or  3imply  integrable,  if  f e L^S.E.x  p)  for 
* * 

every  x e X and  if  for  every  Eel  there  is  an  element 

x e X such  that  x*x  = f fd(x*p)  for  every  x*  e X*.  In  this  case  the 
E E J E 

integral  of  f over  E is  given  by  J fdp  = x . 

J E E 


Lemma  4.  The  set  function  E -*■  l^fdp  is  strongly  additive  and 
" J E 

p-continuous. 


f * r * 

Proof:  Let  X(E)  = For  every  x \ = Jfd(x  p)  is  a measure  of 

bounded  variation  and  is  therefore  strongly  additive.  By  the  Orlicz- 
Pettis  theorem  [Ro69]  it  follows  that  the  integral  is  strongly 

additive.  Since  |x  A (E ) | £ p(A(E))  for  all  x £ p it  follows 

$ * 

that  {x  X:x  £ p}  is  uniformly  strongly  additive.  Since 


v(x  X)  = j |f |dv(x  p)  « v(x  p)  <<  x p £ p(p)  for  every  x £p  if  follows 

X X 

from  Theorem  1 of  Brooks  [Br73]  that  {x  A:x  £ p}  is  uniformly  p(p)- 

continuous;  hence  I X | is  p(p)-continuous . 

P 
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— Uary^-  F0r  f inte!rable'  |/fdw|pCS)  < - for  every  continuous  p. 
Proof:  Since  Jfdu  is  strongly  additive  it  is  bounded.  (See  Rickart 

[RiW].) 

— a 6~  For  f bounded  integrable  we  have  |Jfd„|  (E)  S |f||u|  (E) 
Consequently  one  has  p(JEfdu)  S |f||u|  (e). 

Proof: 

l/fdMp  (E)  - 3upx*^pv(/fdp,E) 

= 3upx%p/Elfldv(x^) 

* lfl3UPxV(x^E)  - |f||u|p(E). 

Lemma_7.  The  map  f - JEfdy  ia  iinear  in  f. 

Pro£f:  Let  f,  g be  integrable,  « scalar.  For  every  x*  e X*  we  have 

of  + g e L.j(S,E,x  y);  hence 

X*(d/Efd„  * /Egd„)  . a/Efd(x\)  ♦ /Egd(x*u)  . /ECa f ♦ g)d(x*„) 
and  it  follows  that  af  + g is  integrable  and  that 

JE(af  + g)dy  =.  a/Efdu  + JE gdy. 

Let  I(X)  denote  the  space  of  y-integrable  functions.  For  each 
continuous  seminorm  p on  X and  fel(X)  define  p(f)  = |Jfdpj  (s).  It  is 

easy  to  verify  that  p can  then  be  regarded  as  a seminorm  on  I(X)  and 
that  I (X)  is  therefore  a locally  convex  space.  If  (fn)  and  f are 

y-integrable  functions  such  that  p(f  - f)  ♦ 0 for  each  p,  then  (f  ) 

n 

13  said  to  converge  to  f in  I(X). 
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Note  that  if  f + f in  I(X),  then  for  all  E e Z we  have 
n 

f_fdy  =*  lim  [ f dy. 

1 E n-*-«JE  n 


Theorem  8.  Let  f be  a y-measurable  y-integrable  function  where  y is 

bounded.  Then  for  every  continuous  p and  e > 0 there  is  a simple 

function  f such  that  p(f  - f ) < e.  If  y has  a control  measure,  then 
e e 

there  is  a sequence  (f  ) of  simple  functions  such  that  p(f  - f^)  0 

for  every  p. 


Proof:  Let  p and  e be  given  and  let  ($  ) be  a sequence  of  simple 

functions  such  that  |y|  ({s:  |f(s)  - 4>n  ( s ) j > e})  -*■  0 for  all  e > 0. 

For  each  positive  integer  k choose  an  integer  nk  and  a set  Ek  e Z such 

that  |y I (E.  ) < 1/k  and  I f (s ) - <p  (s)|  i 1/k  for  s e S - E.  . Let 
■ 'p  k 1 n^  1 k 

f (s)  = <J>n  for  s e S - Ek  and  fk(s)«0  for  s e Ek<  Then  fk  is  a 


simple  function  and  for  each  x ip, 


lslf  - fkldv(x*y)  = js_E  |f  - fk|dv(x*y)  + lE  |f  - f k | dV (x*y ) 

k k 

“ / S~E  lf  " ^n  ldv(x*w)  + JE  |f|dv(x*y) 
k k k 

i v (x*y , S )/k  + HsupF  e ZfF^E  I fpfd (x*y ) | 

i v(x*y,S)/k  + 4supF  g E>F^E  P(/Ffdu) ; 

k 


hence 
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p(f  - fk)  S |U|p(S)/k  * 1,3uPp£j: t fCe/'W'- 

Since  lim,  . . . n(|  fdy)  = 0 there  is  an  integer  k such  that 

|u |p(E)+0  J E e 

p(f  - ) < e.  Note  that 

e 

p(JE(f  - fk  )du)  s |J(f  - fk  Mii|  (E)  S |J(f  - fk  Mp|  (S)  - p(f  - 


fk  » 
e 


and  hence 


p(J£fdy  - J fk  dy)  < e for  all  E e E. 
e 

In  the  case  y has  a control  measure  then  f is  sequentially  measurable 
and  the  sequences  (fk)  and  (Ek)  can  be  chosen  independently  of  the  semi- 
norms p hence  p(f  - f^)  -*•  0 for  every  p.  Note  that  p(JEfdy  - Jgfndy)  -*■  0 

for  every  p and  E e E thus  Lfdy  = lim  Lf  dy  for  every  E e E. 

J h n-K»J  E n 

I3(X)  will  denote  the  subspace  of  I(X)  consisting  of  those 

functions  f for  which  there  is  a sequence  (fQ)  of  simple  functions 

such  that  f ■*  f in  I(X). 
n 

Corollary  9.  If  X is  a Banach  space  and  y is  countably  additive,  then 
the  measurable  integrable  functions  are  the  Bartle-Dunford-Schwarz 
integrable  functions. 

Proof : Since  y is  countably  additive  it  is  bounded  and  has  a control 

measure  \ < ».  If  f is  measurable  and  integrable,  then  there  is  by 

Theorem  8 a sequence  (fn)  of  simple  functions  converging  in  measure  to 

f (f  is  sequentially  measurable)  such  that  Lfdy  = lim  f f dy. 

JE  n-*»JE  n 

Since  \ « y we  have  f - \ + f and  by  Corollary  111.13(a)  of  Dunford 

and  Schwartz  [Du58]  there  is  a subsequence  (f  ) converging  A-a.e. 

nk 
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and  therefore  y-a.e.  to  f.  Thus  f is  Bartle-Dunford-Schwarz 

integrable  with  defining  sequence  (f  ).  The  converse  follows  from 

nk 

Theorem  111.8(f)  of  Dunford  and  Schwartz  [Du58]. 

Lemma  10.  If  y is  bounded  on  a a-algebra  E and  (fn)  is  a sequence  of 

* * 

integrable  functions  converging  in  x y-measure  for  every  x to  a 

function  f and  if  lim  Lf  dy  exists  for  each  E e E,  then  f is 

nJE  n 

integrable  and  JEfdy  = lira^j^f^dy . 

Proof:  Let  x e X . Since  lim  Lf  dy  exists  it  follows  that 

nJE  n 

r * t * 

lim  If  d(x  y)  exists  for  every  E;  hence  lim  , * .If  d(x  y)  = 0 
nJE  n H J v(x  y,E)-*-0JE  n * 

uniformly  in  n by  Theorem  3 of  Brooks  and  Jewett  [Br70].  Since 

* * 
fn  -*•  f in  x y-measure  it  follows  that  f e L^S.E.x  y)  and 

f + f in  L. . Then 
n 1 

X‘llmn/Efnd“  ’ ““JeVLu)  - JEfd(x%) 
so  that  by  definition  we  have  f integrable  with 

J_fdy  - lim  f f dy. 

JE  nJE  n 


Theorem  10a.  Let  (fn)  be  a sequence  of  integrable  functions 

and  f:S  +•  X.  If  lim  p(f  - f ) 0 for  every  p auid  f„  converges 

n ,m-*“  n m n 

^ * 

in  x y-measure  to  f for  all  x , then  f is  integrable  and 


p(f  - f)  -*■  0 for  every  p (hence  f e I ). 
n s 


* * 

Proof : Let  x e X . By  Lemma  2 there  is  a continuous  serainorm  p such 

« 

that  x £ p;  hence 
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J If  - f |dv(x  p)  £ p(f  - f ) -*•  0. 

JS‘  n m* 1 2  n m 

# * 

Since  f - x u ♦ f it  follows  that  f e L.  (x  u)  and  that  f -*•  f in 
n I n 

L,  (x*p) . Let  E e E,  p a continuous  serainorm.  Since  p(J  f dy  - j f dp) 

J h n ' ti  rn 

£ p(f  - f ) it  follows  that  the  limit  lim  f f dp  exists.  Denoting 
n m n-*»JE  n 

this  limit  by  x,,  we  have  x x_  = lim  _f  d(x  p)  = _fd(x  p)  thus  f 
c*  E n-*»J  E n J E 

is  integrable  and 

Lfdp  = x,,  = lim  Lf  dp. 

JE  E n-»-®JE  n 

Fix  p and  let  e > 0.  Choose  n such  that  p(f  - f ) < e for 

e n m 

* 

nfm  £ n . Then  for  n 2 n and  x £ p we  have 
e e y 

Llf  - f|dv(x  p)  = lim  J If  - f |dv(x  p)  £ lim  p(f  - f ) < e 
'S'  n 1 m-^'S1  n m1  n+“K  n m 

thus  p(f  - f)  £ e for  n £ n . 
n e 

Corollary  11.  f e I (X)  iff  there  is  a sequence  (f  ) of  simple 
s n 

# 

functions  such  that  p(f  - f ) ■*  0 for  each  p and  f + f in  x p- 

n m n 

* * 

measure  for  each  x e X . 

Theorem  12  (Vitali  Convergence  Theorem  for  bounded  p).  Assume  p is 

bounded.  Let  (fn)  be  a sequence  of  p-integrable  functions  and 
f:S  -*•  X.  Then  f is  integrable  and  f^  + f in  I(X)  if 

(1)  f + f in  p(p)-measure  for  each  p,  and 

n 

(2)  limu(E)>oIEf’ndii  = 0 uniformly  in  n. 
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Proof:  Fix  p and  e > 0.  Let  5 > 0 such  that  p(Lf  dy)  < e for 

'E  n 

p(y(E))  < 6.  Choose  such  that  for  n,m  Z n^  there  are  sets  e I 

such  that  p(y(F  ))  < 6 and  If  (s)  - f (s)|  £ e for  s e S - F . 

nm  1 n m 1 run 

Then  for  E e Z and  n,m  Z n.  we  have 

0 

p(L(f  - f )dy ) S p(f  „ (f  - f )dy ) + p(L  (f  - f )dy ) 

JE  n m JE-F  n m * JF  n m K 

run  run 

S e|y|  (S)  + 2e; 

hence 

p(f  - f ) = |J(f  - f )dy|  (S)  S 4sup  p(L(f  - f )dy)  S 4e(|y|  (S)  + 2). 
n m n m 'p  EeE  •'E  n n " 'p 

It  follows  that  p(f  - f ) 0 for  each  p.  Since  f + f in  p(y)- 

n m n 

measure  the  conclusion  now  follows  from  Theorem  1 0 and  Lemma  1 . 


Corollary  13  (Dominated  Convergence  Theorem  for  bounded  y).  Let  (fn) 

be  a sequence  of  integrable  functions  such  that  f -*■  f in  p(y)-measure 

and  | f ^ (s ) | £ g(s)  for  all  s in  the  compliment  of  a y-null  set  where  g 

is  integrable.  Then  f is  integrable  and  f -*•  f in  I (X ) . 

n 

Proof:  Since 


p(IEfndu)  * lIfndylp(E)  = 3upx%p^Elfnldv(x*w) 

* 3upx*^p/E8dv(x*y) 

’ |/gdu|p(E) , 

it  follows  that  limu(E).).g.fEf,nclU  = 0 uniformly  in  n and  thus  the  result 
follows  from  the  Vitali  Convergence  Theorem. 
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Lemma  14.  Let  f e I (X).  For  each  p and  e > 0 there  is  a set  E e E 
s K p,e 


such  that  |uJn(En  < ®,  and  |Jfdy|n(S  Ep>£)  < e. 


‘P  P.e 


Proof:  Let  p,e  > 0 be  given.  Let  (fn)  be  a sequence  of  simple 

functions  such  that  p(f  - f)  -*•  0 for  each  p.  Choose  n such  that 

n F p,e 

p(f  - f)  < e for  n £ n . Let  E be  the  union  of  the  sets 
n P,e  p,e 

f 1 (x)  for  x e X - {0}.  Since  f is  simple,  E e E and 

n n p,e 

p,e  p,e 

I u I (E  ) < ®.  We  have 
1 'P  P.e 


|Jfd„|n(S  - EpjS.)  - |r|dv(x*u) 


x SpJS-E 


P.e 


S 3UPxWs-E  lf  ' fn  I'JV(X‘U)  * SUPxWs-E  lfn  ldvU'p) 
P.e  P.e  p.e  p,e 

" supx*SpJs-E  lf  ' fn  ldY(lt*>,) 

P.e  p,e 

S p(f  - f ) < e. 
n 

P.e 

Theorem  15  (Vitali  Convergence  Theorem  for  I„(X)).  Let  (f_)  be  a 
■ 1 ■ 3 n 

sequence  of  integrable  functions  converging  in  p(p)-raeasure  for  each 
p,  to  a function  f such  that 


(1)  limu(E)->(jEfndu  = 0 uniformly  for  n = 1 , 2,..., 


and 


(2)  for  every  p and  e > Othere  is  a set  E e E such  that  Ip  I (E)  < » 

e *p 

and  p(Lf  dp)  < e for  all  n and  F e E with  F S - E . 

;F  n e 

Then  f is  integrable  and  Lfdp  = lim  Lf  dp  for  E e E. 

JE  n-*»JE  n 


Proof : Let  p,  e > 0 be  given  and  choose  E by  (2),  and  5 > 0 by  (1) 

P.e 

such  that  p(Lf  dp)  < e for  p(p(E))  < 5.  Since  (f  - f ) 

JE  n n m n,m 


converges 
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in  p(p)-measure  to  0 there  is  a number  np  such  that  for  n,ra  £ n^  there 

is  a set  F e E such  that  p(p(F  ))  < 5 and  If  (s)  - f (s)|  £ e for 
n,m  n,m  1 n m 1 

s e S - F . For  E e E we  have 
n,m 


P</Etfn  - Vdp) 

Sp(W  UF,  J(fn  ' Vd“>*p(J 


p,ew  n,m 

p(L  (fn  ' fJdH> 
J F n m 


ri  - (f  - f)dy) 
E ~F  n m 
p,e  n,m 


n,m 

£ 2e  + dpi  (E  ) + 2e , 

1 'p  P,e 

hence  the  sequence  (Lf  dp)  is  cauchy.  Let  x_  =*  lim  Lfdp,  x*  e X*. 

* e n E n e 

r * * 

Then  J f d(x  p)  -*•  x x„  for  each  E e E.  By  the  Vitali  Han  Saks  theorem  it 
'ti  H E 


follows  that  lim  , * , | |f  |dv(x*p)  = 0 uniformly  in  n.  By 

V\X  jijE/^u^E  n 

* 

Lemma  2 there  is  a seminorm  p such  that  x £ p.  For  e > 0 there  is  by 


(2)  a set  E e E such  that  |u|  (E  ) < « and  p(Lf  dp)  < e for  all 
p,e  1 *p  p,e  JF  n 

£ 

n and  F £s  - E . Then  we  have  v(x  p,E  ) £ |p|  (E  ) < ®,  and 
Pf6  P » £ P P » £ 

Js-E  S l/f^lptS  - Ep_e) 

P » £ 

s"3UPpCs-e  P</FVu)  S 4e- 

^ p,e 

if 

Since  (f  ) converges  in  p(p)-measure  to  f and  x £ p it  follows  that 

£ 

(fn)  converges  in  x p-measure  to  f.  Now  by  the  classical  Vitali 

* 

Convergence  Theorem  it  follows  that  f e L1 (x  p)  and  > f in 


38 


# # r * r * 

L1  (x  y) . Finally,  since  x xE  = lim^J^dCx  y)  = JEfd(x  v)  it 

follows  that  f is  y-integrable  and  }EfdU  = XE  = liran+oo^Ef'ndu  for 

all  E £ E • 


Lemma  16.  If  y is  countably  additive  and  bounded  on  a o-algebra,  then 
a sequence  of  functions  convergent  almost  everywhere  is  convergent 
in  |y|  measure. 

Proof:  The  classical  proof  of  Egoroff's  theorem  remains  valid  in  this 

context . 

Lemma  17.  |yJp(S)  * sup  jf  ^^(Jgfdy)  for  f e B(S,E).  In  fact  the 
supremum  may  be  taken  just  over  simple  functions. 

Proof:  First,  we  have 


|y|p(S)  - supx*^pv(x  y,S) 


3UPxVup(e1)i:Ix  “‘V 


* * 

=■  supx*<pSup^E  jEx  (sign(x  y(Ei))y(Ei)) 

* * 

- suPx*<p3uP(E  )x  (Esign(x  y(Ei)y(Ei)) 

» 

£ SUP(E jP(Esign(x  y(Ei))y(E.)) 

* 3UPjf  |^1p(J'Sfdw)  ’ f 3imPle 

s 3UP|f | ^-i p( /sf du) ’ f E B(S’Z)’ 


where  (E^ ) is  an  arbitrary  finite  disjoint  sequence  in  E.  On  the 
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other  hand,  by  a corollary  to  the  Hahn-Banach  theorem  (see  [Ed65] 
corollary  1.7.2),  for  every  f e B(S,E)  with  |f|  £ 1 we  have 

p(JEfdu)  - 3upx*Sp|x,/Efdu| 

■ SUPx*£pl/Efd<X*u)l 
* 

S 3UPx*^pV(x  p,E) 

- |w|p(E). 

Lemma  18.  If  p is  bounded,  then  every  element  of  B(S,E)  is  p- 

integrable.  In  fact  B(S,E)C  I in  this  case. 

^ s 

Proof:  Let  f e B(S,E)  and  let  (f  ) be  a sequence  of  simple  functions 

3uch  that  fn  + f in  B(S,E).  Then  f f in  p(p)-measure  for  every  p 

since  convergence  in  B(S,E)  is  uniform.  By  Lemma  6 we  have 

p(f  - f ) £ If  - f I I p | (S)  0 for  every  p hence  f is  p-integrable 

n m 1 n m ‘ ■ 'p 

and  f^  -*•  f in  I(X)  by  Theorem  10. 

Note:  If  p: E -*■  X is  a bounded  additive  function  and  Tf  = Lfdp,  then 

b 

by  Lemmas  6 and  7,  T is  a bounded  linear  operator  on  B(S,E). 

Theorem  9.  For  each  bounded  linear  operator  T:B(S,E)  -*•  X there  is  a 
unique  bounded  additive  function  p:E  -*■  X such  that  Tf  = Lfdp. 

b 

Proof:  For  E e E let  p(E)  = T(1„).  Then  p is  additive  and  bounded  on 

' h 

E and  T(1g)  =»  {^Igdp.  For  f simple  it  follows  from  the  linearity  of  T 
that  Tf  , | fdp.  Since  the  simple  functions  are  dense  in  B^s  ^ and 
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the  continuous  functions  f -»•  Tf  and  f -*>  J fdy  agree  on  a dense  set  it 
follows  that  Tf  = J^fdy  for  all  f e B(S,E).  For  uniqueness,  suppose  v 
also  represents  T.  Then  J fdy  =■  J fdv  for  all  f e B(S,I),  in 
particular  for  f = 1£  we  have 

y(E)  =*  jgldy  =*  J^I gdy  = /glgdv  = JE1dv  * V (E) 

so  v = y, 

Theorem  20,  Let  T be  a linear  operator  on  CCS)  with  values  in  X where 
S is  a normal  space.  Then  there  is  a unique  additive  function  y 

defined  on  the  Borel  subsets  of  S with  values  in  X such  that 

* $ 

(1)  yx  e rba(S)  for  every  x , 

(2)  T*:x*  -*•  yx*  is  continuous  for  the  weak  * topologies,  and 

(3)  x*Tf  = J fd(yx*)  for  each  x*  and  f e C(S). 

b 

If  S is  a compact  Hausdorff  space,  then 

^ $ 

(1')  yx  e rca(S)  for  every  x . 

If  T is  bounded  (p(T)  = sup{p(Tf ) : |f | £ 1}  < « for  all  p),  then  y is 
bounded  with 

(4)  jy | (S)  = p(T). 

If  T is  weakly  compact,  then  y(E)  e X for  all  Eel.  Thus  each 
f e C(S)  is  y-integrable  (y  and  f bounded)  and  we  have 

(3')  Tf  =*  Jgf d(y ) on  C(S)  (x  Tf  =»  Jsfd(yx  ) for  each  x ). 

If  (1')  holds  and  y is  X valued,  then  y is  countably  additive  by  the 
Orlicz-Pettis  theorem  [Ro58]. 

Conversely,  given  y:I  -*■  X satisfying  (1)  or  (1'),  and  (2), 
there  is  a unique  linear  operator  T:C(S)  -*  X satisfying  (3).  If  y is 
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bounded,  then  T is  bounded  and  satisfies  (4).  If  y is  X valued,  then 
T satisfies  (3'). 

* 

Proof:  For  any  Borel  set  B let  A„  be  the  functional  on  rba(S)  defined 

" B 

* 

by  AQA  = A(B).  Theorem  IV. 6. 2 of  Dunford  and  Schwartz  [Du58]  we  have 
A*  e rba* (S)  = C**(S).  Let  y(B)  =*  T**A*.  Since  y(B)x*  = T**A*x*  = 

D D D 

* # * # # 

AnT  x = T x (B)  we  see  that  y satisfies  (1 ) and  (2)  and  we  have  (3) 

B 

# * r * # 

x Tf  = T x*f  = J fd(yx  ).  Since  yx  is  regular  and  X is  Hausdorff  it 

follows  that  y is  uniquely  determined  by  (3).  If  S is  compact  and 

Hausdorff,  then  rba(S)  = rca(S)  and  we  have  (3').  For  j cti  | £ 1, 

# # 

E.  e I,  and  p(x  ) =•  sup{|x  x|:p(x)  £ 1}  (see  the  note  following 
Theorem  3b)  we  have 


|u|pCs) 


sup 


f |S1 


sup. 


f SI 


sup 


f SI 


P(/Sfdy) 

3Upx*Sp^Sfd(,,X*)l 

3upx*Splx‘Tfl 


sup 


lfl<1 


p(Tf ) 


= P(T). 

Thus  y is  bounded  if  and  only  if  T is  bounded.  The  last  statement 
follows  from  Theorem  9.3.1  of  Edwards  [Ed65]  and  the  definition  of 
y.  Conversely,  if  (1)  or  (1')  and  (2)  hold  for  an  additive  y,  then 
for  fixed  f e C(S)  the  map  x ■*  J fd(yx  ) is  continuous  for  the  X 

O 

# 

topology  on  X . By  Corollary  V.3.11  of  Dunford  and  Schwartz  [Du58] 
there  is  an  element  xf  e X such  that  | fd(yx  ) = x x . Then 
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for  Tf  = xf,  T is  linear  and  satisfies  (3)  or  (3')-  Since  X is 
Hausdorff,  (3)  (or  (3'))  uniquely  determines  T.  As  already  shown,  T 
is  bounded  if  y is  bounded  and  we  have  (4). 

Corollary  21  . If  T:C(S)  -*•  X is  a weakly  compact  bounded  linear 
operator,  then  T transforms  weak  cauchy  sequences  into  strongly 
convergent  sequences. 

Proof:  Let  y:E  -*•  X be  a bounded  countably  additive  vector  measure 

such  that  Tf  =•  j fdy  on  C(S).  By  Lemma  18  every  element  of  B(S,E)  is 

y-integrable.  Let  (f  ) be  a weak  cauchy  sequence  in  C(S).  First 

n 

note  (f  ) is  bounded  since  it  is  weakly  bounded.  Since  the  evaluation 
n 

functionls  on  C(S)  are  continuous  it  follows  that  (f  (s))  is  cauchy 

n 

for  every  s e S thus  f(s)  = lim  f (s)  exists.  Since  a bounded 

n n 

function  g is  in  B(S,E)  if  and  only  if  g 1 (H)  e E for  every  open  set 

H,  it  follows  from  Theorem  20A  of  Halmos  [Ha74]  that  f is  in  B(S,E). 

By  Lemma  16,  f -*•  f in  p(y)-measure  for  each  p,  thus  by  Theorem  13,  f 
n 

is  integrable  and  p(f  - f)  -*•  0,  in  particular  J f dy  -*•  j fdy  for  each 

n J e n * Cj 

E. 


Theorem  22.  Let  e ba(S,E)  and  let  T be  a bounded  linear  operator 
from  L^  ( S , E , 4* ) into  X.  Define  y from  E into  X by  y(E)  =*  T ( 1 E ) . Then 
for  each  f e L (S,E,tp)  f is  y-integrable  and  Tf  = J fdy. 

Proof:  Let  f e L1  and  let  (f^)  be  a sequence  of  simple  functions 
converging  to  f in  L-, . Fix  p,  e > 0.  Since  T is  bounded 
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(p(T)  = sup  | ^>  | < i P (Tf ) < ® for  all  p),  there  is  a number  5>0  such 

that  | f | < 6 implies  p(Tf)  < e.  Since  lim^  E^O^E^n^7^  = 0 

uniformly  in  n,  there  is  a number  £ > 0 such  that  J | | dv (ip ) < 5 for 

all  n and  E with  v(i|>,E)  < £.  Since  1^1^  * lslfnhEdv^)  - /E  |fn  |dv(<jO , 

we  have  v(^,E)  < £ implies  If  1_|.  < 5 for  all  n and  thus  p(T(f  1„))  < e 

1 n E 1 1 n E 

for  all  n.  Since  TCf^lE)  = J^f^dy  we  dave  Proved  that 

limv(<4  E)-*-0P^Efndl1^  = 0 uniformly  in  n.  By  the  classical  Vitali 

Convergence  theorem,  convergence  in  L1  of  fn  to  f implies  convergence 
in  ^-measure.  Thus  for  each  positive  integer  k we  may  choose  nk  such 
that  for  n,m  £ n there  is  a set  F e Z with  v(\|>,F  ) < £ and 

K UK  I*  K 

|f  (s)  - f (s)|  < e for  s e S - F . Then 
1 n m 1 nm 

p(JE(f„  ' 5 P(IE-F  (fn  ' V>d“  * p(JEF  (fn  ' 

nm  nm 

S eI«lpCS)  * P</EE  f„d“>  * P(/EE  Vu) 

nm  nm 

S e(|uL(S)  + 2) 

P 

and  therefore  p(f  - f ) S 4sup_  „p(L(f  - f )d u)  ♦ 0 as  n,m  + ». 
n m EeE  ■'E  n m 

By  Theorem  10,  f e I and  p(f^  ~ f)  -*■  0 for  every  p,  that  is, 

f + f in  I,.  We  have  f + f in  L,  and  in  I0;  hence 
n 3 n i s 

Tf  = lim  Tf  =>  lim  [ f dy  = f „fdy. 
nn  nJSn  JS 


CHAPTER  III 
SET  VALUED  INTEGRALS 

III . 1 The  Space  of  Subsets  of  X 

Let  X be  a Hausdorff  locally  convex  topological  vector  space,  a 
base  of  neighborhoods  of  zero  consisting  of  balanced  convex  sets.  We 
begin  with  the  following  elementary  lemma. 

Lemma  1 . A set  a£  X is  convex  iff  (r  + s)A  =■  rA  + sA  for  all 
r,  s £ 0. 

Proof : Suppose  A is  convex,  r,  s £ 0.  If  r = 0 or  s =»  0,  the  result 

is  immediate.  It  is  also  clear  that  (r+s)A  £rA+sA.  Assume  r>0,  s>0. 
Since  r/(r+s)>0  and  s/(r+s)>0  and  (r/ (r+s) ) + (s/ (r+s)  )=*1  we  have 

(r/(r  + s))a1  + (s/(r+s))a2  e A 

for  all  a1  ,a2  e A.  Then 

ra  + sa2  =*  (r  + s)[(r/(r  + s))a1  + (s/(r  + s))a2]  e (r  + s)A 
thus  rA+3A  ^ (r+s )A. 

Corollary  2.  If  A is  convex,  then  nA  =*  in  ,A  . 

i-1  n 

Now  let  Pq (X ) be  the  power  set  of  X less  the  empty  set  and  for  U e ^ 

define  E^  = {(A,B):A£b  + U,  B £a  + U}.  Let  t be  the  topology  on  X 

and  the  topology  induced  on  PQ(X)  by  the  uniformity  {E  :U  e 
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Lemma  3.  If  U is  balanced  and  ( 0 , A ) is  not  an  element  of  , then  A 
is  not  contained  in  U. 

Proof:  Suppose  A^U.  Let  x e A.  Then  x e U and  since  U is  balanced 
we  have  -x  e U.  Then  0 = x + (-x)  e A + U;  hence  (0,A)  e Ey.  It 
follows  that  A is  not  contained  in  U. 

Corollary  4.  Let  (An)  be  a sequence  in  PQ(X).  A^  -*•  0 in  t*  iff  for 
each  U e ip  there  is  an  integer  ny  such  that  A^(^u  f>or  n £ n^. 

Proof:  If  A + 0 in  t*,  then  given  U e ill  there  is  nTT  such  that 

n u 

(A  ,0)  e E„  for  n £ n,,.  In  particular,  A C 0 + U = U.  The  converse 
n U u n v- 

follows  from  Lemma  3. 

Lemma  5.  The  operations  (A, B)  -*•  A + B and  A -*■  co(A)  are  continuous 
(uniformly)  in 

Proof:  If  (A, A')  ,(B,B')  e E^,  then  A'  + B'CA  + U + B + U = 

A + B + 2U  and  A + bQa'  + B'  + 2U;  hence  (A  + B,A'  + B')  e E . 

Also  A^A'  + U^co(A')  + U.  Since  U is  convex  so  is  the  set 
co(A')  + U;  hence  co(A)£co(A')  + U.  Similarly  co(A')£co(A)  + U 
and  we  have  (co(A),co(A'))  e E . 

Lemma  6 ( [Dr 76 ] ) . Let  A,B,C  e PQ(X)  with  B bounded  and  C convex.  If 
A + b£  C + B,  then  A^C. 

Proof:  Let  U e ip,  o > 0 such  that  BB^U  for  |e|  £ a.  Let  a e A, 
bQ  e B.  Since  A + B + B + U there  are  elements  c e C,  b e B, 
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u e U such  that  a + bQ  = ^ + u1 . By  induction  choose 

sequences  (c^,  (b.),  ) from  C,  B,  and  U respectively  such  that 

a + bi_1  3 ci  + bj^  + ui#  For  each  n we  have 

na  + l?”!b,  = E ? , (c.  + b.  + u. ) or  equivalently 
i=0  i i=l  ill 

a = (Zn  ,c.)/n  + (b  - b )/n  + (E^  u )/n. 

1*11  n u Is*  II 

For  n large  we  have  1/n  < a;  hence 

(b  - bj/n  e (1/n)B  + (-1/n)B  2U. 

n 0 

Since  C and  U are  convex  we  have  (Z^^  )/n  e c 311(1  (E^u^/n  £ U 
and  thus  a e C + 3U.  Since  U e iji  is  arbitrary  it  follows  that  a e C. 

Corollary  7.  The  class  X of  nonempty  bounded  convex  subsets  of  X is 
an  abelian  semi-group  in  which  the  cancellation  laws  hold. 

Remark.  We  make  no  distinction  between  a set  and  its  closure  so  that 
A=B  iff  A = B. 

Lemma  8.  If  (An)  is  a sequence  of  convex  sets  in  X such  that  A^  A, 
then  co (A)  A. 

Proof:  Let  U e 41,  x e co(A),  x = ay  + (1  - a)z  for  some  a £ [0,1]  and 

y.z  e A.  Choose  n such  that  (A  ,A)  e E„.  In  particular  A A + U 

n U n 

and  there  are  y',z'  £ An  such  that  y - y'  £ U and  z - z'  e U.  Since 

A is  convex  we  have  x'=ay'+(1-a)z'eA.  Then 
n h 


x - x' 


a(y  - y')  + (1  - a)(z  - z')  £ all  + (1  - a)U  = U; 
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hence  x e + U^A  + 2U.  Since  U and  x are  arbitrary  we  have 
co (A)  A. 

Theorem  9.  If*  (An)  is  a sequence  of  convex  sets  in  X such  that 

A -*■  A,  then  A is  convex  (A  is  convex), 
n 

Theorem  10.  If  X is  complete  and  ip  is  countably  generated,  then  Pq(X) 
is  complete.  In  particular  if  X is  a complete  metrizable  space  or 
Banach  space,  then  Pg(X)  is  metrizable  with  the  Hausdorff  metric  and 
is  a complete  metric  space. 

Proof:  Suppose  ij;  is  generated  by  {U^  ,U2  ,U^ , . . . } tp.  Without  loss  of 

generality  assume  U1  ^ U2^  U^. . . . Now  let  (An)  be  cauchy  in  Pq(X) 
and  U e i|j.  For  each  k choose  Nk  such  that 


(VV  E Ed/2kt1)(uknu)  for * V 


Let  n.  > N_ , x„  e A . Choose  n„  > max{N_,n, }.  Then 
1 1 1 n^  2 2 1 

(An  ,An  ) e E(1/4)u  ; hence  Xl  - x£  e U/4  for  some  x2  e A^. 

Suppose  n < n < ...  < n , x ,x  , ...x  are  chosen.  Then  choose 

K I t K 

k+l 

Vi > maxtiwnk)  an<1  Vi e v , 3uoh  ttet  \ - vi  e 0/2  >v 

Thus  we  choose  sequences  (n^)  and  (x^)  with  (n^)  increasing  and 

x e A for  each  k.  Fix  k and  let  j > 1 £ k.  Then 
k nk 

x.  - Xj  - ^ - x1+1)  e (1/21+1  )U1 


^Ic/^'Wk  ■ aw1/2iT,)ukCV 
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hence  (xk)  is  cauchy  in  X.  Let  x = lira^x^.  Then 


xeA=O”,IJ00  A = lira  A . 

' l n=1  W m=n  m n n 


For  z = E*  !(x.  - x.  1 ) we  have  z.  e Ek  !(1/2i+1)uCu  and 
K i=i  1 i+1  k 1=1 


x - x = x - lim,  x,  = lim,  (x,  - x,  ) = lim,  z,  e 2U. 
1 1 k k k 1 k k k 


Since  x,  is  arbitrary  in  A it  follows  that  A C~  A + 2U.  For 
1 ni 

n £ N we  have 


(An,An  ] e E(1/4)(U1Ou) 


hence  A„  C" A + U Ta  + 3U.  Now  let  x e A.  Then  x e I J " „ 
n ^ n,  ^ m=N 


1 


m 


is  mrt  £ N.  and  y e A such  that  x - y e U.  Then  for  n £ N. 
0 1 mo  m0  m0  1 

(An’Am0)  e E(1/4)(Uinu); 

hence  y - z e U for  some  z e A . Then 
m0  n n n 

x-z  = x-  y + y - z e2U 
n m0  ra0  n 


and  thus  A (”An  + 2U.  We  have  (A, A ) e E_„  for  n £ N, 
n n 3U  i 

01 


thus 


An  + A in  t*  and  Pn(X)  is  complete. 


so  there 
we  have 


Definition  11.  Let  (An)  be  a sequence  of  sets  and  let 

S.  = E , A . If  (Si.)  is  convergent  in  t*,  then  the  limit  is  denoted 
k n=i  n * 

by  E^A^  and  is  called  a convergent  series. 


Theorem  12.  If  EfiAn  converges, 

E co (A  ) = co(E  A ). 
n n n n 


then  so  does  z co(A  ) and 
n n 
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Proof:  The  result  follows  immediately  from  the  additivity  and 

continuity  of  the  map  A -*•  co(A). 

Lemma  1 3 . Let  (An)  be  a sequence  of  sets,  - ^n=i An » and 

A = {E*  .a  :a  e A }.  If  S,  -*•  S and  A is  nonempty,  then  S - A (S  = A). 
n=1  n n n k 

Proof:  Let  a e A,  U e ill.  There  are  a e A such  that  a = E a ; 

n n n n 

let  s,  = E „a  . Then  s,  e S,  and  a = lim,  s,  . Choose  kTI  such  that 
k n=1  n k k k k U 

(S^.S)  e Ey  for  k £ ky.  Then  for  k £ ky  we  have  s^  e + U; 

hence  aeS  + U + U = S + 2U.  It  follows  that  a e S. 

Conversely,  let  s e S and  U e \|).  Since  A is  nonempty  let  a e A, 

a = Ea  . Choose  kn  such  that  (S.  ,S)  e E,  and  E*  Uj,a„  e U for  k «:  k... 

n u k u n=K+i  n u 

Then  s e sfs  + U;  hence  there  is  an  element  s e S.  such  that 

KU  KU 

s - s,  e U.  Let  y = s.  + E*  , ,a  . Then  y e A and 

1^  K„  n-K„*1  n 

s - y =■  3 - s,  +s,  -yeU  + U = 2U. 

"u  "o 

It  follows  that  s e y + 2U£a  + 2U;  hence  s e A. 

Definition  14.  Direct  the  finite  subsets  it  of  positive  integers  by 

inclusion.  A sequence  (An)  of  sets  in  X is  unconditionally  summable 

if  the  limit  lim  E A exists.  The  limit  is  denoted  by  EA  . 

ir  neir  n n 

Lemma  15.  If  (An)  is  an  unconditionally  summable  sequence  of  bounded 

sets , then  for  each  U s ill  there  is  a set  irIt  such  that  E .A  C~  U for 

U neJ  n^— 

jf"W,  * 0-  Hence  EA  is  bounded.  (Boundedness  is  essential. 

• • U n 

See  the  counterexample  following  Theorem  23.) 


50 


Proof:  Let  U e <p,  A = lim  E A . Choose  ir„  such  that 

ir  neir  n U 

(A, I A ) e E„  for  ir  £ irIt.  In  particular  Afz  A + U.  Let 
raeir  n U U neiTy  n 

jQir  = 0.  ir'  = Then  * "u  30  that  (A,Zneir'An)  e EU* 

We  have 


Since  Z 

neir 

Lemma  6. 


I A + I tA=E  .A  fA  + U CX  a + 2U- 
neir^  n neJ  n neir  n ^ neir^  n 


U 


A is  bounded  and  2U  is  convex  we  have  Z TA  C”  2U  by 
n neJ 


Remark  16.  If  PQ(X)  is  complete  (X  complete  and  metrizable  for 
example),  then  the  converse  of  Lemma  15  is  true.  Lemma  15  and  its 
converse  form  the  cauchy  criterion  for  convergence  of  series  of  sets 
in  the  present  setting. 

Theorem  17.  A sequence  (An)  is  unconditionally  summable  iff  the 

series  Z A , , converges  for  every  rearrangement  a. 
n o(n) 

Proof:  Sufficiency  of  unconditional  summability  for  the  convergence 

of  every  rearrangement  is  clear.  For  the  converse  suppose  each 

rearrangement  is  convergent  but  that  (An)  is  not  unconditionally 

summable.  Let  A = z”  A in  that  order.  Since  (A  ) is  not 

n=1  n n 

unconditionally  summable  to  A there  is  a set  .U  e i|»  such  that  for  each 

ir  there  is  ir'  £ it  such  that  (Z  ,A  ,A)  is  not  in  EtI.  Choose 

neir  n U 

kQ  such  that 

(,)  (En-,VA)  £ EU/2  for  k 2 V 
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Let  ir1  = {1 kQ } and  choose  irj  > i^  such  that  (E^^A^.A)  is  not 

in  E„.  Let  ir.  =*  {1,2,...,max  ir! } and  choose  it'  such  that  (I  ,A  ,A) 
U 2 I 2 neir^  n 

is  not  in  E^. 

Proceed  to  choose  sets  , . . . . Taking  in  order 

the  elements  of  the  sets  ,ir'  ,ir^  irj.ir'  ir2,“*  3Pec^^^es 

a rearrangement  a among  whose  partial  sums  are  the  sets 

E A and  E ,A  and  such  that 
neir  n neir  n 

m m 


(2)  (E  ,A  , A)  is  not  in  E„  for  all  m. 
neir  n u 

m 


If  (E  A ,Zn  ,A  ) e ETT/_,  then  by  (1)  we  have 
neir  n neir  n U/2 
m m 


E ,A  Cl  A + U/2  CA  + U/2  + U/2  = A + U and 
neir  n v—  neir  n 
m m 


A Cl  A + U/2  C£  .A  + U/2  + U/2  = E ,A  + U 
neir  n neir  n neir  n 

mm  m 


contradicting  (2).  It  follows  that  (E  A , E ,A  ) is  not  in  E„y„ 

neir  n neir  n U/2 

m m 

for  all  m thus  (E*  „A  . . ) is  not  cauchy. 
n=*1  o(n) 

Definition  18.  A sequence  (An)  in  PQ(X)  is  unconditionally  selection 
summable  to  A X if  E^a^  is  unconditionally  convergent  for  each  sequence 
(selection)  (an)  with  an  e An  and  if  A is  the  set  of  all  such  sums. 


Lemma  19.  If  (A^)  is  unconditionally  selection  summable,  then  for 

each  U e i|»,  there  is  a set  irTT  such  that  (0,E  TA  ) e E„  for  jCW,,  = 0. 

U neJ  n U * U 

Proof:  If  not,  then  there  is  a set  U e such  that  for  each  ir  there 

is  a set  J C N\ir  such  that  (0,E  A ) is  not  in  E„.  Let  J Cn  such 

neJ  n U 1 
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that  (0,ZneJ  An)  is  not  Ey  and  suppose  J2»«J3»  • • • »Jk  are  chosen.  Then 
choose  Jk+1CN\(Jn=iJn  3uch  that  (0,ZneJ  V i3  not  in  EU*  Thus 

K+1 

we  choose,  by  induction,  a sequence  (J,  ) such  that  (0,1  A ) is  not 

k neJ,  n 

k 

in  E for  all  k.  By  Lemma  3,  E A is  not  contained  in  U for  each  k 
u neJ,  n 

k 

so  that  there  are  elements  a e A , n e J,  , such  that  E a is  not 

n n k neJ,  n 

k 

in  U.  For  n e let  an  e A^  be  arbitrary.  Then  (an)  is  a 

selection  of  (An)  whose  finite  sums  do  not  satisy  the  cauchy  criterion 
for  convergence;  hence  (An)  is  not  unconditionally  selection  summable, 
a contradiction. 

Theorem  20.  If  X is  complete,  then  a sequence  (An)  in  Pq(X)  is 

unconditionally  selection  summable  if  and  only  if  for  each  U e i|i 

there  is  a set  irTT  such  that  (0,E  .A  ) e E„  for  Jfiir,,  ■ 0. 

u neJ  n u 1 ■ u 

Proof : The  forward  direction  is  Lemma  19.  For  the  converse  let  (an) 

be  a selection  of  (An)  and  let  U e i|».  Choose  iry  such  that 
(0,EnejAn)  e Ey  for  J f'j  Try  =»  0.  Then  for  J £ N\iry  we  have 

ZneJan  e ZneJAn  U 30  that  the  finite  3ums  of  3ati3fy  the  cauchy 

criterion  in  X which  is  complete. 

Corollary  21 . If  X is  complete  and  (Bn)  is  an  unconditionally 
summable  sequence  of  bounded  sets,  then  (Bn)  is  unconditionally 
selection  summable. 

Proof : The  result  follows  from  the  theorem  and  from  Lemma  15. 

Lemma  22.  If  (An)  is  unconditionally  selection  summable  to  A,  then 
(An)  is  unconditionally  summable  to  A. 
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Proof:  Let  U e ij>.  By  Lemma  19  there  is  a set  tt^  such  that 


m O^nejV  £ EU  for  ' »• 


Let  it  £ irtI  and  let  a e A for  n e it.  If  a e A for  n e n\tt  are 
U n n n n ' 

chosen,  then  (an)  is  a selection  of  (An)  which  by  hypothesis  is 

unconditionally  convergent  to  an  element  a e A.  Then  there  is  a 

set  it'  > it  such  that  a-Z  ,a  e U.  By  (1)  we  have 

neir  n 


a-Z  a - (a  - Z ,a)  + (Z  ,a  - Z a ) e U + U = 2U. 
neir  n neir  n neir  n neir  n 


Since  U is  balanced  we  also  have  Z a - a e 2U;  hence 

neir  n 

Z a e a + 2U  CL  A + 2U.  Since  (a  ) is  arbitrary  in  (A  ) 
neir  n n neir  n 

we  have 


neir 


(2)  Z. 


neir 


AfA 

n'— 


+ 2U . 


Now  let  a e A.  There  is  a selection  (an)  such  that  a = Za  . 

n n 

There  is  a set  ir'  > ir  such  that  a-Z  ,a  e U.  By  (1)  we  have 

neir  n 

a-Z  a e 2U;  hence  a e Z A + 2U  which  together  with  (2)  shows 
neir  n neir  n 

that  (A.Z  A ) e E . 

neir  n 2U 

Theorem  23.  If  X is  complete,  then  a sequence  (Bn)  of  bounded  sets  in 
PgX)  is  unconditionally  selection  summable  to  a set  B if  and  only  if 
it  is  unconditionally  summable  to  B. 

Proof:  The  forward  direction  is  Lemma  22.  For  the  converse  suppose 

(B  ) is  unconditionally  summable  to  B.  By  Corollary  21  (B  ) is 
n n 

unconditionally  selection  summable  to  a set  B',  thus  (B  ) is 

n 
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unconditionally  summable  to  B'.  It  follows  that  B and  B have  the 
same  closure. 

Remark  24  ([So85]).  Boundedness  of  the  sets  Bn  is  essential.  Let  An 

be  the  linear  subspace  {(x,y):y  = x/n}  of  R2.  For  n different  from  m 

we  have  An  + ^ = R2  and  hence  (An)  i3  unconditionally  summable  to 

R2.  However,  the  sequence  (an)  where  an=(n,1)  while  satisfying 

a e A for  all  n is  clearly  not  unconditionally  summable. 
n n 


Definition  25.  Let  p be  a continuous  seminorm  on  X.  Up  denotes  the 


set  {x:p(x)  < 1}.  If  U e <|>,  then  py  denotes  the  gauge  of  U.  We  have 
U 


= U and  p = p.  Let  A,b£x.  p(A)  denotes  the  supremum  supaeAp(a). 
PU  p 

It  is  clear  that  p(A  + B)  S p(A)  + p(B)  and  that  p(oA)  = |a|p(A)  for  a 
scalar.  Also,  A - 0 if  and  only  if  p(A  ) + 0 for  every  continuous  serai- 
norm  p.  Dp(A,B)  denotes  the  infimum  inf{r  > 0:A£b  + rUp,BCA  + rUpJ 
where  we  agree  that  inf0=«.  If  A and  B are  bounded  and  p is  a continuous 

seminorm,  then  Up  e \|i  and  A - B is  bounded;  hence  there  is  an  r < ® such 

that  A - B C rU  and  B - A C”  rU  . Then  a£b  + A-  B^B  + rU  and 

v-  p p K 

B^A  + rUp  so  that  D (A,B)  i r < ®.  For  U e ip , p = Py,  and  a > 0 , 

one  has  (A,B)  e EaU  if  and  only  if  D (A,B)  ^ a. 


Lemma  26.  A set  B is  bounded  if  and  only  if  p(B)  < « for  every 
continuous  semi norm  p on  X. 


Proof:  Suppose  B is  bounded,  p continuous.  There  is  a number 
a > 0 such  that  BB  Up  for  | 0 | < a.  Then  ap(B)  - p(aB)  S P(up)  ^ 1 » 
hence  p(B)  ^ 1/a  < ®.  Conversely,  let  U e \p,  p = Pu/2«  Then 


p(B)  = M < ® and  for  |b|  £ 1/M  we  have  p(BB)  =•  |g|p(B)  £ 1;  hence 
BB  £ U/2  Cu- 
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Corollary  to  Theorem  17.  If  X is  complete  and  Ip(An)  < « for  every 
continuous  p,  then  (An)  is  an  unconditionally  summable  sequence  of 
bounded  sets  and  therefore  also  unconditionally  selection  summable. 

Lemma  21.  If  (An)  is  unconditionally  summable  or  unconditionally 

selection  summable,  then  p(IA  ) £ Ip (A  ). 

n n 


Proof:  Without  loss  of  generality  suppose  (An)  is  unconditionally 

summable.  Let  a > 0,  U =»  {x:p(x)  < a}.  Then  U e Ui  and  there  is  a 

a a 

set  it  such  that  (Z„  A .IA  ) e Etl  for  it  > it  . Hence 
a neir  n n U a 

IA  U + I A and  we  have 
n ^ a neir  n 


a 


P (IA  ) S P(U  ) + p(I  A ) S a + I p(A  ) £ a + Ip(A  ). 
n a neir  n neir  n n 

a a 

Since  a > 0 is  arbitrary  it  follows  that  p(IA  ) £ Ip(A  ). 

n n 


Lemma  28.  A^  -*•  A in  PQ(X)  if  and  only  if  D^CA^.A)  -+  0 for  every 
continuous  serainorm  p. 


Proof : Suppose  A^  -*■  A and  let  p be  a continuous  seminorm  on  X. 

a > 0 and  U = U there  is  an  integer  n such  that  (A  ,A)  e E It 
p u n all 

n £ tl  or  D (A  ,A)  £ a.  It  follows  that  lim  D (A  ,A)  = 0. 

U p n n-»-«  p n 

Conversely,  suppose  Dp(An>A)  -*■  0 for  every  p.  For  U e p - p 


For 

for 


U/3’ 
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and  a > 0,  choose  n such  that  D (A  ,A)  < a for  n £ n . Then 

a p n a 

(A  ,A)  e E ...  =»  Ett  for  n £ n . It  follows  that  A -*■  A in  P(X). 

n aU/o  U a n 

Lemma  29.  D (oA.cxB)  =*  |a|D  (A, B) . 

p p 

Proof:  D (oA.oB)  = inf{r  > OiakC  aB  + rU  ,aB  C aA  + rU  } 

p — p p 

= inf  {r  > 0:ACB  + (r/  |a|  )Up,B  Qk  + (r/|a|)U  } 

- |o|inf{r/|a|  > OjA^B  + (r/|o|)U  ,B £A  + (r/|a|)U  } 

P P 

=•  |o|D  (A,B). 

Lemma  29a.  Let  u be  a bounded  linear  operator  on  X into  a 
locally  convex  space  Y with  seminorms  q.  For  A,B  bounded  we  have 
Dq(uA»uB)  S |u lpqDp(A»B)  where  |u|pq  = supp (x)^1 q(ux) . 

Proof:  Let  r > D (A,B).  Then  A C B + rU  and  for  every  a e A there 
P P 

is  an  element  b e B such  that 


q(ua  - ub)  = q(u(a  - b))  ^ I u I p(a  - b)  < I u I r; 

P9  1 ‘PQ 

hence  uA  uB  + lul  rU  . Similarly  uB  uA  + I u I rU  ; hence 

1 'pq  q 1 1 pq  q 

D (uA,uB)  £ lul  r.  Since  r > D_.(A,B)  is  arbitrary,  the  conclusion 
q pq  P 

follows . 


Lemma  30.  D_ (A  + B,C  + D)  S D (A,C)  + D (B.D). 
P p p 


Proof:  Let  r > D (A,C)  + D (B,D),  and  let  s > D (A.C)  and  t > D (B.D) 

P P P P 

such  that  r =*  s + t.  Let  a + b e A + B.  Since  D (A.C)  < s we 

P 

have  a £ A fC  + sll  so  that  there  is  an  element  c e C such 

w P 

that  a - c e sUp.  Then  p(a  - c)  < s.  Similarly  there  is  an 
element  d e D such  that  p(b  - d)  < t.  Then 
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p(a  + b - [c  + d])  = p(a  - c + b - d)  £ p(a  - c)  + p(b  -d)<s  + t = r 

and  it  follows  that  a + bec  + d = rU^.  Since  a + b is  arbitrary  in 

A + B it  follows  that  A + B £c  + D + rUp.  Similarly  we  have 

C + dTa  + B + rU,.;  hence  D (A  + B,C  + D)  £ r. 

v p 

Lemma  31 . If  Dp(An,A)  -*•  0,  then  for  each  a e A there  is  a sequence 

(a  ) with  a e A such  that  p(a  - a)  -*>  0. 
n n n n 

Proof:  Let  a e A and  for  each  n let  r = D (A  ,A)  + 1/n.  Since 

n p n 

r > D (A  ,A)  there  is  an  element  a e A such  that  p(a  - a)  £ r -►0. 
npn  nn  n n 

Lemma  32.  If  Dp(A,B)  = 0 for  every  p,  then  A and  B have  the  same 
closure. 

Proof:  For  each  U e we  have  D (A,B)  < 1 thus  A (“  B + U and 

PU 

B CA  + U. 

Definition  33.  If  X is  a normed  space,  then  for  p(x)=|x|  we  denote 
Dp(A,B)  by  D(A,B) . D is  the  well  known  Hausdorff  distance.  By 
definition  D(A,B)  = inf{r  > 0:A^B  + rS1  ,B  (^A  + rS1 } where 
S =*  {x:  |x | < 1 } . By  definition  25  we  have  (A,B)  e E if  and  only 

* Cto  ^ 

if  D(A,B)  ^ a.  Since  the  spheres  aS1  generate  the  topology  t of  X it 
follows  that  the  topology  induced  on  PQ(X)  by  D is  t~.  By  taking 
a - 1/n  for  n =*  1,2,...  we  see  from  Theorem  10  that  PQ00  is  complete 
if  X is  complete.  For  A,B  e PQ(X)  the  Hausdorff  serai  distance  between 
A and  B is  the  number  5(A,B)  =>  inf{r  > 0:A  B + rS^. 
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Lemma  34.  D(A,B)  = max {5 (A,B),5(B,A)}  and  Lemmas  29  and  30  hold  for 
5.  Also,  5 (A,B)  =*  0 if  and  only  if  A^B. 

Corollary  35.  D(A,B)  = 0 if  and  only  if  A and  B have  the  same  closure. 

Definition  36.  X will  denote  the  set  of  nonempty  bounded  convex  subsets 

* * * * 
of  X,  and  for  x e X , A X,  x (A)  is  the  set  of  images  {x  x:x  e A}. 

£ * 

Lemma  37.  For  A,B  e PQ(X)  with  convex  closures,  x (A)  = x (B)  for 

£ # 

every  x e X implies  A and  B have  the  same  closure. 

Proof:  Suppose  A and  B do  not  share  the  same  closure.  Then  there  is 
without  loss  of  generality  an  element  a e A - B.  Since  {a}  and  B are 

disjoint  closed  sets  with  one  of  them  compact,  there  is  a functional 

£ £ £ 
x e X separating  them  strictly,  that  is  x a is  not  contained  in  the 

closure  of  x*(B).  Since  x*(A)  = x*(B)  we  have  x*a  e x*(B),  a 

contradiction.  The  conclusion  follows. 

III. 2 Set  Valued  Set  Functions 

Let  S be  a set  with  an  algebra  E of  subsets.  A function 

J:E  P (X)  is  additive  if  J(0)  =■  0 and  J(EUF)  - J(E)  + J(F)  for  E,F 

disjoint  in  Z.  Given  a seminorm  p on  X,  the  p-variation  of  J on  a 

set  E e E is  given  by  v (J,E)  = supE. p(J(E. ) ) where  the  supremum  is 

P i i 

taken  over  all  finite  pairwise  disjoint  sequences  (E^ ) in  E 
with  E.  CE- 

Theorem  1 . The  p-variation  of  an  additive  function  is  additive. 
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Proof:  Let  E, F be  disjoint  elements  of  I.  Let  (Aj  be  a finite 

disjoint  sequence  in  E such  that  Ai  CEU  F and  denote  by 
Ei,Fi  the  36tS  Ai  n E and  A..  n F,  respectively.  Then 

Ep(J(A.))  = Ep(J(E.)  + JCF^)  £ Zp(J(E.))  + Ep(J(F.)) 

S v (J,E)  + v ( J ,F) 

P P 

thus  v (J.EljF)  £ v (J,E)  + v (J,F) . If  v (J,E(jF)  = »,  then 
p w P P P 

equality  holds;  otherwise,  let  e > 0.  Since  v^(J,E)  £ v^CJ.E^F)  < ® 

and  v (J,F)  £ v (J,El  Jf)  < ® we  may  choose  finite  sequences  (E.)  and 
P P w 

(Fj)  from  Z such  that  E^^E,  F^^F,  and  Z ^p ( J (E^ ) ) > v^CJ.E)  - e 

and  E . p( J(F . ) ) > v (J.F)  - e.  Then 
j J P 

v (J.E)  + v (J.F)  < 2e  + E p(J(E . ) ) + E.p(J(F  ))  * 2e  + v ( J ,E  F ) . 
p p i l J J P 

Since  e > 0 is  arbitrary  it  follows  that  vp(J,E)  + v^CJ.F)  £ Vp(J,E^F). 

Definition  3.  An  additive  function  J:Z  -►  PQ(X)  is  strongly  additive 

if  J(E  ) -*•  0 for  every  disjoint  sequence  (E  ) in  Z.  A strongly 
n . n 

additive  function  is  bounded  (see  Rickart  [Ri44]). 

Lemma  4.  J is  strongly  additive  if  and  only  if  for  each  disjoint 

sequence  (E^)  and  U e i|>  there  is  a finite  set  of  positive  integers 

such  that  Z ,J(E  )Cu  for  all  finite  sets  I disjoint  from  ir  . 

nel  n u 

Proof:  Suppose  J is  strongly  additive  but  that  for  some  disjoint 

sequence  (E^)  there  is  an  element  U e ip  such  that  for  every  ir  there  is 

a set  I disjoint  from  it  such  that  Z TJ(E  ) is  not  contained  in  U. 

nel  n 


Let  I be  such  a set  for  tt  = 0 and  if  I ...,I  are  chosen,  then 

u K 
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choose  Ik+1  disjoint  from  such  that  En£l  J(E^)  is  not 

1 

contained  in  U.  Then  for  F^  = ^JneI  En*  (F^)  is  a disjoint  sequence 

in  I such  that  J (F^ ) - / -*•  0.  Conversely,  given  U,  let  ir^  be  a finite 

set  such  that  E^jJtE^)  £ U for  I disjoint  from  iry.  For  all  n not  in 

itm  we  have  J(E  ) - Z.  , ,J(E.  ) Cu.  It  follows  that  J(E  ) 0. 

u nke{n}k>“  n 

Corollary  5.  If  (J(En))  is  an  unconditionally  selection  summable 
sequence  for  every  disjoint  sequence  (En),  then  J is  strongly 
additive.  (See  Lemma  1.19.) 

Corollary  5a.  If  J is  bounded-valued  and  (J(En))  is  unconditionally 
summable  for  every  disjoint  (En),  then  J is  strongly  additive.  (See 
Lemma  1.15.) 

\ 

Corollary  6.  If  X is  complete,  then  J is  strongly  additive  if  and 
only  if  (J(En))  is  unconditionally  selection  summable  for  every 
disjoint  sequence  (En).  (See  Lemma  1.20.) 

Corollary  6a.  If  X is  complete  and  J is  bounded-valued,  then  J is 
strongly  additive  if  and  only  if  (J(En))  i3  unconditionally  summable 
for  every  disjoint  (En). 

Corollary  6b.  If  X is  complete  and  Ep(J(En))  < « for  every  disjoint 
sequence  (En)  and  every  p,  then  J is  strongly  additive. 

Corollary  6c.  If  X is  complete  and  J has  finite  p-variation  for  every 
p,  then  J is  strongly  additive. 
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Definition  7.  Let  J:E  -*•  P^(X),  p:E  ■*  [0,®]  be  additive.  J is 
absolutely  continuous  with  respect  to  p or  simply,  p-continuous , if 

UmU(E)^J(E)  ■ 

Theorem  8 (Drewnowski  [Dr76]).  Let  (Jn)  be  a sequence  of  strongly 

additive  p-continuous  functions  on  E with  values  in  the  bounded 

nonempty  subsets  of  X.  If  lira  J (E)  exists  for  every  E e E,  then 

n-*»  n 

limp(E)-*'0Jn^  = 0 uniformly  for  n 3 1*2,.... 

Definition  9.  An  additive  function  J:E  ->•  PQ(X)  is  countably  additive 
if  for  every  disjoint  sequence  (En)  in  E with  union  E e E,  the 
sequence  (J(En))  is  unconditionally  summable  to  J(E). 

Theorem  10.  Let  J:E  -*■  Pq(X)  be  additive.  Then  J is  countably 

additive  if  and  only  if  »J ( ) -*•  J(E)  in  Pq(X)  for  every  increasing 

sequence  (E  ) in  E with  union  E e E. 
n 

Proof : Suppose  J is  countably  additive  and  (En)  increases  to  E in  E. 

For  n different  from  0 let  A - E - E , , E = 0.  Then  (A„ ) is  a 

n n n- 1 0 n 

disjoint  sequence  in  E and  An  = E;  hence  (J(An))  unconditionally 

summable  to  J(E).  By  Theorem  1.17  we  have  in  particular 

J(E)  - e“  ,J(A  ).  Thus 
n=»l  n 

J(En)  = J((jJa1A.)  - Z"-1J(A1)  - J(E) . 

Conversely,  let  (A  ) be  disjoint  in  E with  union  A e E.  Let 

Em  - l .A^  for  all  m.  Then  (E  ) increases  to  A so  that 
m vx  n=  i n m 
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En-,J(V  ■ J(U".,V  ’ J(E„>  * J<A>- 

If  a(n)  is  any  rearrangement , then  the  same  argument  shows  that 
E™  J(A  . . ) -*■  J(A).  It  now  follows  from  Theorem  1.17  that  (J(A  )) 

11s*  I 0 in;  n 

is  unconditionally  summable  to  J(A). 

Theorem  1 1 . A bounded  valued  countably  additive  function  J:E  -*•  P^(X) 
on  a a-algebra  is  strongly  additive. 


Proof:  Let  (En)  be  a disjoint  sequence  in  E.  Then  E^  e E and 

( J ( En ) ) is  unconditionally  summable  to  J(UEn).  Let  U e ij».  By  Lemma 
1.16  there  is  a set  ir„  such  that  E TJ(E  )(~U  for  iOir,,  = 0.  In 
particular  for  all  n e N\iry  we  have  J(En)£  U.  It  follows  that 
J(En)  - 0. 

Theorem  12.  If  J:E  PQ(X)  is  countably  additive,  then  v^CJ)  is 
countably  additive  for  each  p. 


Proof : Let  (En)  be  a disjoint  sequence  E with  union  E e E.  For  each 

m,  since  vp(J)  is  additive,  we  have 


vp(J,E)  2 vp(J,  Un.iEn>  ‘ En-,' VJ-E„> < 


„m 


hence  vp(J,E)  £ Evp(J,En).  If  (F^  is  any  finite  disjoint  sequence 
in  E with  F.^  £e,  then  by  Lemma  1.27 


Eip(J(Fi))  =*  EiP(J(|JnFiEn)) 


s W(J(FlEn» 


hence  vp(J,E)  £ znvp(J*En^* 


■ EiP(V(FiEn» 
W(J(FlEn»  S !nTp(J'V' 
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Theorem  13.  If  J:E  ♦ PQ(X)  is  bounded  valued  and  weakly  strongly 
additive,  then  it  is  strongly  additive. 

Proof:  By  Corollary  5,  it  is  enough  to  show  that  ( J ( En ) ) is 

unconditionally  selection  summable  for  every  disjoint  sequence  (En) 

in  E.  Let  (E  ) be  a disjoint  sequence  in  E,  and  let  (x„)  be  an 
n n 

arbitrary  selection  of  (J(En)).  Since  J is  weakly  strongly  additive, 

# * * 

for  each  x e X , the  function  x J is  strongly  additive.  Furthermore, 

* 

x J is  bounded  valued  and  takes  its  values  in  Pq(R).  Since  R is 

* 

complete  it  follows  from  Corollary  6 that  (x  J(E  ))  is  unconditionally 

n 

* * 

selection  summable.  Since  (x  xn)  is  a selection  of  (x  J(En)),  the 
* 

series  Enx  xn  is  unconditionally  convergent.  It  follows  that  any 

subseries  is  also  unconditionally  convergent;  hence  by  the  Orlicz- 

Pettis  Theorem  (see  Roberts  [Ro69])  E x is  unconditionally 

n n 

convergent.  Thus  (J(En))  is  unconditionally  selection  summable. 

Theorem  14.  If  J:E  -*■  X is  weakly  countably  additive,  then  J is 
countably  additive. 

Proof : Let  (En)  be  a disjoint  sequence  in  E with  union  E e E.  We 

will  show  ( J (En ) ) is  unconditionally  selection  summable  to  J(E)  and 

hence  unconditionally  summable  to  J(E).  Let  (xn)  be  an  arbitrary 

* * # 

selection  of  (J(En)).  If  x e X , then  x J is  countably  additive 

* # 
and  (x  J(E  ))  is  unconditionally  summable  to  x J(E).  Since  R is 

complete  it  follows  from  Theorem  1.23  that  (x*J(E  ))  is  uncondi- 

n 

* * 

tionally  selection  summable  to  x J(E).  Since  (x  x ) is  a selection 

n 

* # 

of  (x  J(En))  the  series  j^x  x^  it  is  unconditionally  convergent  and 
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hence  every  subseries  is  unconditionally  convergent.  By  the  Orlicz- 

Pettis  theorem  if  follows  that  E^x^  i3  unconditionally  convergent.  It 

remains  to  show  that  J(E)  = {E  x :x  e J(E  )}.  Let  this  latter  set  be 

n n n n 

denoted  by  4>.  Then  by  definition,  (J(E^))  is  unconditionally 
selection  summable  to  $ and  by  Lemma  1.22,  Theorem  1.17,  and  Theorem 
1.12  we  have 


* ' !J"V  ' C,J(V  ' ' °°<ClJ(En))l 

# ft 

thus  <l>  is  convex.  For  every  x e X we  have 

x # # # 

x J(E)  =■  {I  a :a  e x J(E  )}  = {Ex  x :x  e J(E  ))  » x i 
n n n n nnn  n 

and  since  both  * and  J(E)  are  convex,  it  follows  from  Lemma  1.37  that 
$ - J(E) . 


Theorem  15.  Let  J:l  -►  R be  additive.  If  sup 
v(J,E)  < » and  v(J,E)  S 4supp  q g | J(F) | . 


F(^E 


| J(F) | < ®,  then 


Proo£:  First  we  note  that  elements  of  R are  finite  intervals  and  in 

fact  may  be  considered  closed.  Let  J (E)  - inf  J(E),  J (E)  = sup  J(E). 

^ 3 

Let  E,F  be  disjoint  in  E.  Since  J(E)  and  J(F)  are  convex,  so  is  there 
sum  J (E)  + J (F) ; thus  it  is  an  interval  and  since  inf(J(E)  + J(F))  =■ 

J (E)  + J .(F)  and  sup(J(E)  + J(F))  = J (E)  + J (F)  it  follows  that 

1 1 S3 

J(E)  + J(F)  is  the  interval  [J  (E)  + J (F),J  (E)  + J (F)].  By  the 
additivity  of  J we  have  J(E<jF)  3 [J^EJJFJ.J  (E(jF)]. 

It  follows  that  J.(EljF)  = J (E)  + J (F)  and  J (E*jF)  = J (E)  + J (F), 

^ * 3 3 3 
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so  that  J.-  and  J_  are  additive  real  valued  functions  on  E . Now, 

if  supF^E|j(F)|  < « it  follows  that  the  same  is  true  of  Ji  and  Jg 

and  from  elementary  measure  theory  we  have  v(J.,E)  £ 2sup  |j.(F)| 

i r (E 1 1 

and  v(J  , E ) £ 2sup  |j  (F)|.  If  (E*  ) is  a finite  disjoint  sequence 
s F E 1 s 

in  E with  E^  £e,  then 


IlJ(Ei)l  • WiWl'  IWI> 

S E(  | J'1  (Ei ) | + |jg(E1)|)  S v(J  fE)  + v(J3,E) 

* 23UPFCE|ji(F)|  + 23UPfCe|J3(F)| 

* 43UPfCeI J(F) I • 

Definition  16.  For  a bounded  set  A^R2  let  B(A)  be  the  open 

rectangle  (inf  ReA,  sup  ReA)  x (inf  ImA,  sup  ImA).  It  is  easy  to 

2 2 

verify  that  B:R  -*■  R is  additive. 

Lemma  17.  If  A is  bounded,  then  B(A)£a  + sd^(A),  (Sd^(A))  is 
the  sphere  of  radius  diam(A)  about  A,  also  given  by  A + d(A)S)  and 
|B(A) | S 3 | A | . 

Proof:  Let  (x,y)  e B(A) . Choose  r,s  such  that  (x,r)  e A and 

(s,y)  e A.  We  have  (x,r)  e A and  |(x,y)  - (x,r)|  £ |(s,y)  - (x,r)|  S d(A) 

thus  (x,y ) e Sd^A)(A).  Also,  | (x,y) | £ |(x,y)  - (x,r)|  + |(x,r)| 

S d(A)  + | A | S 3 | A | . 


Theorem  18.  Let  J:E  ■*  Pq(C)  be  a bounded  valued  additive  function. 
!f  supF^E|j(F)|  £ ® .then  v(J,E)  < ® and  v(J,E)  £ 24supF  q £ | J(F)  | . 
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Proof;  Define  J on  £ by  J(E)  = B(J(E)).  Since  B and  J are  additive 

A A A <w 

30  is  J.  In  particular  ReJ  and  ImJ  are  additive  R-valued 

AAA  A 

functions  and  J(E)  = ReJ(E)  + ImJ(E).  Assume  supF£E|j(F)|  < ®, 

A A 

By  Lemma  17,  supj^E|j(E)|  < * and  thus  supF  £E  |ReJ(F)  | < ® and 
supE  ^E|lmJ(F)  | < «.  Then  by  Lemma  15  and  Lemma  17,  we  have 

A A A 

v(ReJ,E)  £ 4supF  ^-E|ReJ(F)|  £ 4supp g | J(F) | £ 1 2supp ^ £ | J(F) | . 

a a 

Similarly,  v(ImJ,E)  £ 1 2supp  £ £ | J(F) | ; hence  v(J,E)  £ v(J,E)  £ 

A A 

v(ReJ ,E)  + v ( ImJ , E ) £ 24supF £ £ | J(F) | . 

III. 3 Integration 

Let  S be  a set  with  an  algebra  £ of  subsets  on  which  a 
nonnegative  additive  function  \i  is  defined. 

Definition  1 . A function  f:S  -*  PQ(X)  is  simple  if  it  is  constant  on 

each  of  a finite  number  of  disjoint  sets  of  £ with  union  S.  A 

simple  X-valued  function  f = £ 1 X is  integrable  over  E e £ with 

1 1 

respect  to  u if  y(EE^ ) < ® when  X^  is  different  from  {0}.  If  f is 
integrable  for  every  E e £ , we  say  f is  integrable.  The  integral  of  f 
over  E i3  given  by  Lfdy  - £.p(EE.  )X,  . Since  p(Lfdy)  £ £ . y (EE.  )p(X  ) 

£ {raax^CX^JytE)  we  see  that  lim 
simple  integrable  X-valued  functions  is  denoted  by  r.  If  f(s)  is  a 
real  number  for  all  s,  then  the  integral  is  just  the  Lebesgue  integral. 
If  f(s)  is  a single  vector  of  a Banach  space  for  all  s,  then  the 
integral  is  the  Bochner  integral. 

Lemma  2.  For  E e £ fixed,  the  map  f -*■  J fdy  is  additive  and 


u(E)-^0P(^Efdw)  3 °*  The  Cla3S  °f 


homogenous  on  r. 
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Proof:  Let  f,g  e T , a scalar.  Then  f + g = E.J,,  „ (X.  + Y.) 

lj  1 J 

where  f - E.1  X.  and  g =•  E.1  Y and  llE.  = M F.  = S.  If  X.  + Y. 

lE^i  J fj  j N,'lwJ  i j 

is  nonzero,  then  one  of  the  sets  X^^  or  Yj  is  nonzero  thus  yCEj  < ® 
or  u(Fj  ) < ”5  hence  yCE^)  < «.  It  follows  that  f + g e r. 

Clearly  af  e f.  Since  X^^  and  Yj  are  convex  sets  we  have  by  Lemma  1 , 


JE(f  * 8)dM  - EiJ„(EElFJ)(X1  * Yj) 


V^tV1!  * Eij“(EEiFj)Xj 


El£j„(EEiFJ)x1  ♦ K 


I1UJ„(EEiFJ))X1  * Eja^CEE.F.Dij 


E.m(EE.)X.  + EJu(EFJ)Yj 


JpfdU  + Jp-Sdu- 


Also, 

• /e“<Ve  V'1'*  ■ /e^e'e  aXi)d“ 

= Eiu(EEi)oXi  - aEiu(EEi)X.  = afgfdy. 

Lemma  3.  For  f e r,  the  function  A ( E ) = Lfdu  is  additive  on  E 

J E 

and  v U,E)  = / p(f)dy. 

P * C 


Proof:  Let  E,F  e E with  EF  = 0.  Then  for  f = E.1_  X.  with  X.  convex. 

1 Ei  1 1 

JE^Ffdu  - Eiu(EEiijFEi)Xi  = Ei(u(EE1)  + yCFE^^ 

- E.(y(EE1)Xi  + yCFE.JX^  = E^EE.JX.  + E.y(FE.)X. 

■ f fdu  + J fdw- 

JE  F 
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Now  let  (Am)  be  a finite  disjoint  sequence  in  E such  that 

A fE  e I,  Then 

in'— 


E p(A(A  ))  = E p(E.p(A  E )X  ) S E E.  y(A  E.  )p(X  ) 
m m m i m x x rai  m x i 

- E E u(A  E )p(X  ) = E.y(lj  A E. )p(X  ) 
i tn  m i 1 i w m m x x 

S E.u(EE.)p(X.)  - /Ep(f)du. 

Thus  vp(A,E)  £ JEp(f)du.  Since  (EE^)  is  a disjoint  sequence 
in  E with  EE.(^E,  we  have  E^UCEE.))  £ vp(A,E)  but 

E1p(A(EEi))  - Eip(y(EEi)Xi)  - E . y(EE. )p(X.  ) - JEp(f)dy 

thus  |Ep(f)dy  £ vp(A,E).  It  now  follows  that  v (A,E)  =■  JEp(f)dy. 


Lemma_jl.  Let  f,g  e r.  Then  Dp(f,g)  is  an  integrable  scalar  function 
and  Dp(JEfdyJEgdy)  £ /EDp(f,g)dy. 


Proof:  Let  f - El  X , g - E.1_  Y.  where  (E.),  (F.)  are  finite 

1 ^ 1 J frj  j x j 

disjoint  sequences  in  E both  with  union  S.  Then  it  is  easy  to 


see  that  D (f ,g)  - E..1_  D (X. ,Y.)  and  thus  D (f,g)  is 
P xj  j p x j p 

integrable.  Since  X^  and  Y^  are  convex  we  have,  by  Lemma  1.29  and 

Lemma  1.30, 
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D (JErdu,JEgdu)  - D (£lii(EEl)X1,I  u(EF  )I  ) 


Dp<£iIJu<EEiFJ  ,X1  ■ElEJutEElFJ  )YJ  ’ 


S Vp^lVV^iVV 


V^iVWV 

JgDpCf  ,g)dii. 


1 2 

Lemma  5.  Let  (fn),(fn)  be  sequences  in  r such  that 


D (f„  ,f2)  - p - 0 and  lirn  nJQD  (f*  ,r*)dp  - 0 for  i 
p n n m,n-*»J S p n m 


1,2.  Then 


UVJsDp<fi-fn)d"  ■ 


Proof  Let  * (s)  - D (f1 (s)  ,f2(s) ) . Then 
n p n n 

U (3)  - * (s)|  S D (f^  (s)  • f*2,  ( 3 ) ) + Dn(f2(s),f2(s)) 

1 n m 1 p n m p n m 

and  therefore  lim  f I d>  - d>  Idp  = 0.  It  follows  that  the  limit 
m>n+«JSl  n ym' 

d>(E)  =■  lim  f„6  dp  exists  uniformly  for  E e E.  Let  (E,  ) be  a 
T n-*»JE  n k 

sequence  in  E such  that  pCE^)  ■*■  0.  Since  lira^E^0JE<J>ndp  = 0 we  have 

lim,  L d)  dp  = 0.  By  the  Moore-Smith  theorem  we  have 
k-*"»JE.  n 
k 

lim,  d>(E,  ) - lim,  lim  L d>  du  = lira  lim,  [_  <p  dp  * 0. 
ky  k k nJE,  n n kJE,  n 

k k 

It  follows  from  the  introductory  remarks  concerning  the  metric  space 

E (p)  in  section  III. 7 of  Dunford  and  Schwartz  [Du58]  that 

lim  „d>(E)  = 0.  Let  e > 0 and  choose  6 > 0 such  that  d>(E)  < e 
p ( E ) -*■0 

for  p(E ) < 5.  Choose  n such  that  U(e)  - f d>  dp!  < e for  n > n and 

e 1 T J E n 1 e 
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all  E e E.  Since  $ is  simple  the  set  A = {s:<|>  (s)  > 0}  is  in  E , 

e e 

has  finite  measure,  and  we  have  <p(S  - A)  = |<j>(S  - A)  - f <p  dy|  < e. 

A n 

e 

Since  <j>  - u 0 we  may  choose  n,  > n and  Bel  such  that  y(S  - B)  < 6 

rn  1 e 

and  <j>n  (s)  < e/(1  + y(A))  for  s e B.  Since  n1  > n£  we  have 
|<fr(AB)  - JA0<l>n  dy|  < e;  hence 

4> ( AB ) £ e + f <J>  dy  < e + ey(AB)/(1  + y(A))  < 2e. 

J AB  n1 

Also  y (A  - B)  ^ y(S  - B)  < 5 so  that  <j>(A  - B)  < e.  We  have 

4>(S)  = <p(S  - A)  + <f>(AB)  + 4>(A  - B)  < 4e 

and  since  e > 0 is  arbitrary  it  follows  that  <j>(S)  = 0. 

Definition  6.  A function  f:S  PQ(X)  is  integrable  if  there  is  a 

sequence  (fn)  in  r such  that  for  every  continuous  seminorm  p, 

(1)  D (f  ,f ) - y - 0 

P n 

(2)  lim  [ D (f  ,f  )dy  = 0,  and 

n,m-*-<»JS  p n m 

(3)  lim  [_f  dy  exists  for  each  E e E. 

n-*»J  E n 

The  integral  of  f over  E is  given  by  Lfdy  = lim  J f dy.  The  sequence 

J c<  n'  fcj  n 

(f  ) is  called  a determining  sequence  for  f and  the  set  of  integrable 
functions  is  denoted  by  L(X).  If  f(s)  is  a real  number  for  all  s then 
the  integral  is  the  Lebesgue  integral.  If  f(s)  is  a single  vector  of 
a Banach  space  for  all  s,  then  the  integral  is  the  Bochner  integral. 

Remarks:  If  PQ00  is  complete,  then  (3)  of  definition  6 is  superfluous 
by  Lemma  4.  By  Lemma  5 the  integral  is  independent  of  any  particular 
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determining  sequence  used.  Finally,  it  follows  from  Theorem  1.8  that 
the  integral  is  convex  valued  (has  convex  closure). 

Lemma  7.  For  E e E fixed,  the  map  f ■*  f^fdy  on  L(X)  is  additive  and 

£i 

homogenous. 


Proof:  If  (f  ) and  (g  ) are  determining  sequences  for  f,g  e L(X) 

n n 

respectively  and  a scalar,  then  by  Lemma  1.30,  Dp(f“n  + 8n»f“  + g)  ~ y + 0, 

and  ( D (f  + g ,f  + g )dy  + 0 as  n,m  ®.  Furthermore 
' S p n n m m 

^E(fn  + gn)dy  = IEfndu  + ^Efndu  " IEfdy  + IEsdy*  Thus  f + 8 is  integrable 

with  determining  sequence  (f  + g ) and  J (f  + g)dy  = du  ♦ Lgdy. 

nn  4 E ' E h< 

Similarly  af  e L(X“)  and  J^afdu  =•  ajgfdy. 


Theorem  8.  For  f e L(X)  there  is  a sequence  (f  ) in  S such  that 

[_D  (f  ,f)du  0 for  every  continuous  seminorm  p. 

;S  p n 


Proof:  Let  (fn)  be  a determining  sequence  for  f,p  a continuous 

seminorm.  Then  D (f  ,f)  - y -*•  0 and  Ld  (f  ,f  )dy  -*■  0.  For 
p n JS  p n m 

each  s e S we  have 


(1)  |D  (f  (s),f  (s))  - D (f(s),f  ( s ) ) | £ D (f  (s),f(s))  and 

'pm  n p n 1 p m 

(2)  | D (f  (s ) ,f  (s ) ) - D(f  (s),f(s) , f (s ) ) | S D (f  (s),f  (s)) 

1 p m^  n p n n 1 p m^  m^ 


From  (1)  it  follows  that  D (f  ,f  ) - y -*•  D (f,f  ) as  m + • and  from 

p m n p n 

(2)  we  have  / | D (f  ,f  ) - D (f  ,f  )|dy  -*•  0,  as  m ,m  ®. 

JS‘  p m,  n p m_  n 1 12 
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Thus  D (f,f  ) is  integrable  with  determining  sequence  (D  (f  ,f  )) 
p n p m n m 

and 

J D (f,f  )dy  =■  lim  J D (f  ,f  )dw. 

'S  p n rs  p m n 

Now  for  e > 0 choose  n such  that  f_D  (f  ,f  )du  < e for  n,m  £ m . 

e JS  p m n e 

Then  I’d  (f,f  )dy  = lim  Ld  (f  ,f  )d^  e for  n i n . 

•'Sp  n raJS  p m n e 

Remarks:  The  sequence  (fn)  in  Theorem  8 is  the  defining  sequence  for 

f and  we  have  Dp(fn»f)  - y 0 for  every  p.  If  f ,f  1 . . . ,eL(X)  such 

that  lim  J D (f  ,f)dy  = 0 for  every  continuous  serainorm  p,  then  we  say 

the  sequence  (f  ) converges  to  f in  L(X)  and  we  write  f f in  L(X). 

Lemma  9.  For  f,g  e L(X),  Dp(f,g)  is  integrable  and 
Dp(/gfdy , Jggdy)  ^ JgDp (f ,g )dy  for  all  E £ Z . 

Proof:  Let  (fn),  (gn)  be  determining  sequences  for  f and  g, 

respectively.  For  each  s we  have 

| D ( f (s ) *g  (s ) ) - D (f (s),g(s)) | ^ D^(f  (s),f(s))  + D (g  (s),g  (s)) 
pnn  p 1 p n pnm 

and 


lDp(fn(3)’gn(3))  “ 


D (f  (s),g  (s) ) 
pm  m 


D (f  (s ) ,f  (s ) ) 
p n m 


Dp(8n(3),g(s)); 


hence  D^Cf.g)  is  integrable  with  determining  sequence  (DpCf^.g^) ) . 

It  follows  from  the  proof  of  Theorem  8 that  [„Id  (f  ,g  ) - 

J S 1 p n n 

Dp(f  ,g)  |dy  0.  By  Lemma  4 and  Lemma  1.30  we  have  for  each  n, 
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S Dp(JEfdu.JEfn<lu)  * yJEV“’W',)  * Dp(/E8nd“-fEgd,,) 

5 rn  * Wfn’8n)dl1 

where  rn  - Dp( Jgfdy , JEfndtf)  + ^/eV^^E8^  ’ Since  rn  * 0 and 

J_D  (f  ,g  )du  -*•  f D (f,g)dy.  the  conclusion  now  follows, 
ci  p n n * t»  p 

Corollary  10.  For  f e L(X),  p(f)  e L.  and  p(Lfdy)  £ Lp(f)dy 
———————  ] ; J £ 

(put  g - 0). 

Remark.  It  follows  from  the  proof  of  the  lemma  that  if  (fn)  is  a 
determining  sequence  for  f,  then  (p (f n ) ) 13  a determining  sequence  for 
p(f). 

Lemma  11.  Let  f e L(X),  \ (E)  = Lfdy.  Then  \ is  additive  on  E and 

' 4 E* 

V U.E)  - JEp(f)dy. 

Proof : Let  E,F  be  disjoint  in  E,  and  let  (f^)  be  a sequence  in  r such 

that  f D (f  ,f)du  -*•  0.  Since 
JS  p n 


Dp'JEfnd“  * /Ffndu’/Efd"  * /Ffdu) 

S Dp(/Efnd',-/Efd“)  * V/pV^F™10 


Lemma  3 yields 
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HEUF)  - - “"JeUfV*!*  - ll'a<lEfnd»  * IfV^ 

' ““JeV1*  * limJrrallv  * fEfdu  * ^Pfdu 


A (E)  + A(F). 


Next,  for  (E^ ) finite,  disjoint  in  E with  E^^E  we  have 

Z.pUCE.))  S lJE  p(f)du  - E p (f )dy  S JEp(f)du 

and  thus  v (A,E)  - sup,  .Ep(A(E  ))  £ f p(f)dy.  Hence 
p ./  i JE 

for  v (A,E)  =*  » we  have  v (A,E)  =*  J p(f)dy.  Assume  v (A,E)  < ®. 


and 


Choose  n such  that  [_D  (f  ,f)dy  < e for  n 2 n . Fix  n S n 
e JS  p n*  K e 6 

choose  finite  disjoint  sequences  (E^ ) and  (Fj  ) in  E such 

that  fdy)  > vp(A,E)  - e and  ZjP(/F  fndy)  > jgPCf^dy  - e. 

^ j 

Since  Sip(/E  fdy)  - rip(ZJ/E  p fdy)  S EijP(JE  p fdy)  S Vp(A,E)  we  have 

^ ^ J ^ J 


|Zijp(/E .Fjfdy)  " Vp(X,E)l  * £- 


Similarly  |E.jP(JE  ^dy)  - JEp(fn)dy|  S e.  Also 


i J 


IJ1JP(/eiFjM“)  - I1j'>(/eiFjV1‘)I  S IljlP(/E1FJf<I'‘)  - P(lE1FJfndp)l 

5 £iJDp(/E,F/d'‘-/E,F,fndp) 


i j 


i J 


s Ilj/E1FJDp(f-fn)d>‘ 

s JED  <f.fn)dp 


< e; 
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hence 


|vpU,E)  - /EP(fn)dU|  £ |vpU.E>  - ItJp(JE  F Mu)  | 

* j 

* lEijP</E.FJfd|‘)  - Eijp(^1F/n'3u)| 

* II1Jp(/e1FjV1‘)  - JEp(fn)clul 

< 3e 


and  we  have  v U,E) 
P 


limnJEp(fn)du  = JEp(f)dy. 


Theorem  12.  For  f integrable  we  have  (1)  lim^E^0JEfdy  =■  0,  and 
(2)  for  each  p and  e > 0 there  is  a set  Ep£  e Z such  that  y(Epe)  < ® 
and  js_E  P(f)dy  < e. 


pe 


Proof : (1)  follows  from  the  same  property  of  the  Lebesgue  integral 

for  the  function  p(f)  and  Corollary  10.  For  (2)  let  e > 0 and  choose 

a simple  integrable  function  f£  such  that  J^DpCf ,f £ )dy  < e.  Let 

E » {f  \a):A.  * {0}}.  Since  f is  simple  we  have  y(E  ) < * 
pe  e e pe 

and 


JS.E  p<f*1>‘sL- 


pe 


. _ D (f,f  )dy  + 
S-E  p e M 
pe 


L. 


S-E  P<V“P< 
pe 


e + 0. 


Theorem  13.  If  y is  countably  additive  and  f is  integrable, 
then  E -*■  jgfdy  is  countably  additive  and  convex  valued  almost 


everywhere . 
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Proof:  Let  (En)  be  an  increasing  sequence  in  E with  union  E e E. 

Since  p(f)  e L, , (p(f)dy  is  a finite  measure;  hence  J p(f)dy  -*■  0. 

1 E~En 

Thus  for  every  p we  have 

y/E  ■ “p'Je’e  f'WEfd“)  * IeDp<’e  f-r)dl1 

n n n 

- L _ D (1_  f,f)dy  + L D (1  f,f)dy 

JE'En  p En  En  p En 

- L - P(f)dy  ♦ 0. 

E"En 

To  show  f is  almost  every  convex  valued  let  (fn)  be  a determining 

sequence  for  f.  Then  D^Cf^.f)  - y -*■  0 and  by  Egoroffs  theorem  there 

is  a subsequence  (n.,)  such  that  D (f  ,f)  -*•  0 almost  everywhere.  The 

p nk 

conclusion  now  follows  from  Theorem  1.9. 

Theorem  14  (Vital!  Convergence  Theorem).  Let  (fn)  be  a sequence  in 
L(X),  f:S  P(X) . Then  f is  integrable  and  f^  -*•  f in  L(X)  if  and 
only  if  for  every  continuous  seminorm  p, 

(1)  D (fn,f)  - y - 0, 

(2)  lim  „Lp(f  )dy  - 0 uniformly  for  n =»  1,2 and 

y(E)-n)JE  n 

(3)  for  each  e > 0 there  is  a set  E£  e E such  that  y(E£)  < e 

and  ^S-E  p^fn^dy  < e for  a11  n* 
e 

The  proof  is  exactly  the  one  found  in  Theorem  III. 3. 6 of  Dunford  and 
Schwartz  [Du58]  with  p=*1  and  the  Hausdorff  p-distance  replacing  the 


ordinary  distance. 
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Theorem  15  (Dominated  Convergence  Theorem).  Let  fn,g  be  integrable, 

n = 1,2,...,  such  that  for  every  continuous  p,  p(f  ) £ p(g)  almost 

n 

everywhere.  Then  a function  f is  integrable  and  f + f in  L(X)  if  and 

n 

only  if  DpCf^.f)  - y -*•  0 for  every  p. 

The  proof  is  a direct  consequence  of  Theorem  14. 

III. 4 Comparison  With  Other  Integrals 
In  this  section  it  is  assumed  that  X is  a Banach  space  and  will 
be  written  as  5 

Definition  1 . A function  f:S  P(S)  is  Aumann  integrable  if  there  is 
a function  <j>  e L^S.E.y.E)  such  that  <j>(s)  e f(s)  except  possibly  on  a 
null  set.  The  Aumann  integral  of  f over  a set  E is  given  by 
(A) Jgfdy  - {{E4>dy:4>  e L1  (S,E,y,S)  ,<j>  e f a.e.}.  The  set  of  Aumann 
integrable  functions  will  be  denoted  by  A(S)  and  the  functions  $ will 
be  called  integrable  selections. 

First  we  state  a counterpart  of  Lemma  3.9  for  the  Hausdorff 
semidistance. 

Lemma  2.  For  f,g  e L(S)  5(f,g)  is  an  integrable  scalar  function  such 
that  6 ( Jgfdy , Jggdy)  S JE<5(f,g)dy  for  all  Eel. 

Lemma  3.  Let  5 be  a reflexive  space,  f^,f  e L(S ) such  that 

f + f in  L(H),  and  d>  an  integrable  selection  of  f for  each  n. 
n n n 

Then  {4>n)n  ia  relatively  weakly  compact  in  L^S.S.y.E). 
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Proof:  Let  e > 0 and  choose  n such  that  [_D(f  ,f)dy  < e for  n £ n . 

e J s n £ 

Then  for  n > n£,  Js 1 4»n |du  * Jglfjdy  * JgDtf^fMy  + Js|f|dy  < 

e + Js  | f | du  so  {<j>n)n  i3  bounded  in  L1 . Since  /E 1 4*n I dii  S e + jE|f|dy 

for  n £ n^  it  follows  that  lira^E^0JE  | ^ |dy  = 0 uniformly  for 

n =*  1,2,...,  and  since  y(S)  < «,  the  sequence  {J | <J>n  |duJn  of  measures 
is  uniformly  strongly  additive.  Thus  is  relatively  weakly 

compact  by  Theorem  1 of  Brooks  [Br72]. 

Theorem  4.  If  y is  countably  additive  and  E is  reflexive,  then  for 
every  f e L(E ) , we  have  f e A(5)  and  JEfdy  =*  (A)JEfdy  for  all  E e E. 

Proof  (Debrew  [De65]):  Let  (fn)  be  a determining  sequence  for  f,  and 

for  each  n let  a be  a simple  integrable  selection  of  f„.  By  lemma  3 
n n 

we  may  assume  without  loss  of  generality  that  the  sequence 

converges  weakly  in  L^CS.Ejp.E)  to  a function  <f>.  If  it  can  be  shown 

that  <j>  is  an  integrable  selection  of  f,  then  it  follows  that  f £ A (5). 

Let  e > 0 and  choose  n such  that  f_D (f  ,f)dy  < e for  n 2 n . Since 

the  sequence  ($  ) converges  weakly  to  f,  there  is  by  a corollary 

£ 

of  Mazur's  theorem  (see  Corollary  V . 3 - 1 ^ of  Dunford  and  Schwartz 

[Du58])  a sequence  of  convex  combinations  converging  strongly  to  <f>. 

In  particular  there  is  a convex  combination  d>  =■  E,  X,  d>  ,n.  > n , such 

e i i n.  i e 
x 

that  L|<f>“<(>  | dy  < £.  Let  s e S such  that  f(s)  is  convex.  (Recall 
^ £ 

that  f is  almost  everywhere  convex  valued  by  Theorem  13.)  Then 

5Ue(s),f(s))  S E^.SUh  (s ) ,f  (s ) ) . 
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In  f0-  ">  Vl«*B  <•).«•».  there  are  numbers 


ri  > Ai5^n  (3)»f(3))  such  that 


r = ZLrr  Then 


‘ ‘ “ “ y>  

™ ... ...  < vv  „„  u ^ w 

Z - ZA.2i  we  have  z e f(s)  and 

lv,) ' 11  ■ '‘‘A'*1  ■ VAi  * vjy.)  ■ v *1^ . 

V3)  * f<3)  * hen°9  < r.  it  now  follows  that 

Js*<Vf)du  S VjgMyfM..  S ZlxJs DC^.fw,,  s jilit  , e> 

Thus  r <u  . r JS«(*.*E)da  . / |*-«,  Jdu  < e. 

W'> - * /.«♦.♦.>-»  * Js<4£,f)du  < 2e  and  since  a > o Is 

arbitrary  we  have  shown  that  [ 6 (<b  f)d  n 

Js  “ ’ °-  Slnoe  tfte  function 

(<Ks),f (s))  is  nonnegative  fh  pnii 

gative,  It  follows  that  6<*.f)  . 0 alm03t 

everywhere.  By  lemma  ,.34  ♦(.,  1.  contained  in  the  closure  of  f(3, 

Oh  almost  all  s and  thus  * i3  an  integrable  selection  of  f 

Le  « E «*•  « «■  W 0(/Efnd,/Efdu)  ZB  and  6y 
- .31  there  is  . selection  <*„,  0f  (J^  3uoh  ^ x , x 

simple  function  f has  the  form  f . z , „ „ " 

n iE„,Xni  and  thus  x has  the 

form  x = j uCer  w u nl 

n . ;x  where  x f y 

1 ni  ni  s Ani  e a . if  * , r , 

ni  n Ve  xni » then  ♦ is 

* 3l"Ple  Int98ra61e  Seleotlo»  Of  fn  such  that  X . f “ H M 
assume  (t  ) i3  ueaklv  „ ” JE*ndu-  “e  “ay 

“ 1J  °0'”'arSant  t0  “ integrable  selection  * of  f. 
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* f 

Since  \j;  -*•  x J i|>dy  is  a continuous  linear  functional  on  L,(S,E,y,3),  it 
follows  that  x x =»  x J <}>  du  + x*J$du  and,  therefore,  x =»  f <j>dy; 
hence  x e (A)JEfdy.  It  remains  to  show  that  (A) J£f du  Q J f dy.  Let 
x e (A){Efdy.  Then  x - JE<j»dy  for  some  integrable  selection  $ of  f. 
Since  <j>(s)  e f(s)  almost  everywhere  we  have  6(<j>,f)  = 0 almost 
everywhere  hence  5 (fE$dy , Jgfdy)  S / 5(*,f)dy  = 0 thus 
x - JE<j>dy  e fE fdy. 

Remarks.  It  is  easy  to  show  that  A(E ) is  generally  not  contained  in 
L(S~).  Indeed,  let  S = (0,1]  with  Lebesgue  measure  y and  consider 
f :S  ■*  Pq(R)  defined  by  f(s)  = {0,1}  for  all  s.  Then  f is  not  in 
L(5“)  by  Theorem  13.  However,  for  any  x in  [0,1],  if  we  let 
♦x<3>  * 1[-0  then  <fix  is  an  integrable  selection  of  f and  therefore 
f is  Aumann  integrable.  In  fact  since  x is  arbitrary  and 

X * *A^S*xdw  e (A)Jsfdw  we  have  (A)Jsfdy  - [0,1].  If  A (2)  denotes 

those  elements  of  A(E)  which  are  almost  everywhere  convex,  then  it  is 

still  not  true  that  A (S)  is  contained  in  L(3)  generally. 

c 

Let  f : S ♦ Pq(R)  defined  by  f(s)  - [0,1/s2].  We  will  show  that 

the  Aumann  integral  of  f exists  but  is  not  absolutely  continuous  with 

respect  to  y.  Then  it  follows  from  Theorem  3.12  that  f is  not  in 

L(E").  Let  En  =■  (0,1/n]  for  n«1,2 so  that  y(En)  -*•  0.  Fix  n and 

let  r £ n be  an  arbitrary  real  number.  Define  <j>p(s)  =»  0 for 

s e (1/r ,1  ] and  <j>p(s)  - r for  s e (0,1/r].  Then  <j>p  is  Lebesgue 

integrable  and  JE  $pdy  - r2y(0,1/r]  - r.  If  s e ( 1 /r , 1 ] then 
n 

(s ) =*  0 e [0,1/s2]  - f (s ) and  if  s e (0,1/r],  then  r2  S 1/s2 
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2 2 

thus  4>^  (3 ) = r e [0,1/s  ] =»  f(s);  hence  is  an  integrable  selection 

of  f.  It  follows  that  f e A(E)  and  that  r = JE  e ( A ) fdy. 

n r n 

Since  r £ n is  arbitrary  it  follows  that  [nf®)CZ(A)J  fdy  and  thus 

n 

(A)Je  fdy  -/-*•  0.  Note  that  since  0 is  clearly  in  the  Aumann  integral 
n 

over  En  and  the  Aumann  integral  i3  convex  (see  Theorem  1 of  Aumann 

[Au65])  it  follows  that  (A)f  fdy  - R+  for  each  n.  This  example  also 

n 

shows  that  the  Aumann  integral  is  not  countably  additive  since  En  is  a 
decreasing  sequence  with  void  intersection  in  a finite  measure  space. 

Theorem  5 (Radstrom).  Let  K denote  the  compact  convex  subsets  of  a 
real  Banach  space  E.  Then  K can  be  isometrically  embedded  as  a closed 
convex  cone  in  a real  Banach  space  5'.  The  image  of  a set  < e K in 
E'  will  be  denoted  by  The  metric  on  K is  the  Hausdorff  metric 
and  D(<1 ,<2)  - |k'  - <j | . 

Definition  6.  A function  f:S  -*•  K is  Debrew  integrable  if  the 

associated  function  f'(s)  * (f(s))'  is  in  L (SfZtu,H'),  that  is,  if 

there  is  a sequence  ) of  simple  integrable  E '-valued  functions  such 

that  i|;  - u -►  f'  and  J | xp  - ip  |dy  0.  The  Debrew  integral  of  f is 

n s n in 

the  ordinary  (Bochner)  integral  of  f'.  By  Theorem  6.1  of  Debrew 

[De65]  there  is  a sequence  (fn)  of  simple  integrable  K- valued 

functions  such  that  f'  - u f'  and  L If ' - f ' Idu  0.  By  the 

n •'S 1 n m1 

isometry  we  have  D(f  ,f)  - y -*•  0 and  f„D (f  ,f  )du  -*■  0 thus  f e L(E ) 

n •'S  n m 

with  Jgfdu  - lira^Jgf^dp  (since  E is  a complete  metric  space  and 
therefore  PQ(H)  is  complete  for  the  Hausdorff  metric).  The  Debrew 
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integral  of  f is  Lf'dy  = lim  f f 'dy  =* *  (lim  J f dy)'  = (Lfdy)'. 

b n ti  n nyCi  n b 

Thus  our  integral  includes  the  Debrew  integral  as  a special  case. 

III. 5 The  Weak  Integral 

As  before,  S denotes  a Banach  space,  E the  class  of  bounded 

convex  subsets  of  E,  and  elements  of  S are  considered  equal  if  they 

* 

have  the  same  closure,  s denotes  the  dual  of  s. 

Lemma  1 . If  f is  integrable,  then  for  a bounded  linear  operator  u 

on  S,  the  function  uf  is  integrable  and  j ufdy  = yj  fdy. 

Proof:  For  f simple  so  is  the  result.  In  general,  let  (fn)  be  a 

determining  sequence  for  f.  Since  D(uf  (s),uf(s))  £ |u|D(f  (s),f(s)) 

n 1 1 n 

by  Lemma  1.29a  it  follows  that  D(uf  ,uf)  - y -*•  0 and,  similarly, 

n 

^SD^ufn’ufm)dlJ  S * 0i 

hence  uf  is  integrable  with  determining  sequence  (ufn).  We  have 

lEufdy  - lin,JEufndw  = limnu^Efndu  = u(limJEfndu)  " ^e™11* 

$ 

Definition  2.  A function  f:S  -*•  Pg(H)  is  weakly  integrable  if  x f is 

* * 

integrable  for  each  x e E and  if  for  each  Eel  there  is  a convex 
36t  XEf  in  “ 3UCh  that  x XEf  ” Jgx  f dy  for  each  x*.  The  set  X£f,  is 
called  the  weak  integral  of  f over  E and  is  denoted  by  (w)J  fdy. 

u 

Lemma  3.  f -*•  (w)Jgfdy  is  additive  and  homogenous  on  the  class  of 
weakly  integrable  functions. 
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Proof:  Let  f,g  be  weakly  integrable,  E e E,  X =■  (w)Lfdy  + (w)Lgdu. 

; E ' E 

Then  X is  convex  and 

x*X  - x*XEf  + x*X£g  =•  JEx*fdu  + JgX^gdy  * fEx*(f  + g)dP 
by  Lemma  3-7.  Thus  f + g is  weakly  integrable  and 

(w)J  (f  + g )dy  = X.  Similarly,  for  a scalar,  af  is  weakly  integrable 
and  (w)|Eafdy  = a(w)JEfdy. 

Lemma  4.  If  f is  weakly  integrable,  then  the  function  E (w)Lfdy  is 

J E 

additive  on  E. 

# # 

Proof : Let  E,F  be  disjoint  in  E,  x e S . Since  the  strong  integral 

is  additive  we  have 

X*(w)^EUFfdy  = fEUFX*fdy  = ^EX*fdu  + /FX*fdu 

- x (w)JEfdy  + x* (w ) Jp,f dy  =•  x* ( (w) J£f dy  + (w)Jpfdy). 


Since  (w)JEfdy  + (w)JFfdy  and  (w)J 
equal  by  Lemma  1.37. 


eUf 


fdy  are  convex  sets,  they  are 


Theorem  5.  For  f weakly  integrable  and  y countably  additive, 
E (w)JEfdy  is  countably  additive. 


Proof:  The  result  follows  from  Theorem  2.14  and  Theorem  3.13. 


Theorem  6.  Assume  y(s)  < « and  let  (f^)  be  a sequence  of  weakly 

integrable  functions  such  that  the  limit  lim  (w)[  f d exists  for  each 

n JE  n ^ 
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* # 

E e E.  If  f : S Prt(E)  is  a function  such  that  D(x  f ,x  f)  - u -*■  0 for 

0 n 

each  x*t  then  f is  weakly  integrable  and  (w)f  fdy  = lira  (w)J  f dy. 

J E n J E n 

* * # - 

Proof : Let  x e 5 . Then  x f e L(5)  for  n = 1,2,...,  and 

f * f * 

lim  I x f dy  exists  by  Lemma  1.29a.  By  Theorem  3.12,  x fdy  is 
n*  Ci  n * 

strongly  additive  since  y is  finite.  By  Theorem  2.8  we  have 

r * 

limy(E)-K)‘'EX  fndy  = 0 uniformlir  for  n - 1,2,....  It  follows  from 

Lemma  3*11  and  Theorem  2.18  that  I x fn|du  “ ® uniformly. 

- # ~ 

By  the  Vitali  Convergence  theorem  for  L(E),  x f e L(5)  and 

* # - 
x f + x f in  L(H).  Thus 
n 

x*limn(w)JEfndy  - limnx*(w)JEfndy 

' limJEX*fndw  “ x*(w)JEfdW 

and  therefore  f is  weakly  integrable  and  (w)JEfdy  - lim^wj/^dy. 

III. 6 Enlarging  the  Class  of  Integrable  Functions 
Lemma  1 . Let  p be  a continuous  seminorm  on  X.  If  (f  ) is  a sequence 
in  L(5)  such  that 

<>>  yw  - » * 

(2)  lim^E^0JEp(fn)dy  * 0 UH^^raly  in  n»  and 

(3)  given  e > 0 there  is  a set  E e E such  that  y(E  ) < « and 

e e 

p(JEfndlj)  < e for  all  n and  E e E with  e£s  - E , 
then  lira  D (Lf  dy,J  f dy)  = 0 uniformly  for  E e E. 

run  p Ci  n 4 c#  m 
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Proof:  Let  e > 0 and  choose  6 > 0 such  that  f (f*_ )du  < e for  all  n 

— — — — j e n 

and  E with  p(E)  < 5.  For  n,m  large  there  is  by  (1  ) a set  F e E such 

that  p(F)  < 5 and  D (f  (s),f  (s))  < e/(1  + p(E  ))  for  s e S - F. 

p n ra  e 


Hence 


D (Lf  dp,  Lf  dp)  = D (f„  „ f dp  + f__  _f  dp  + f__  _f  dp, 

p JE  n JE  m ^ p JE-E  n * J EE  F n ■'EE  -F  n 

EE  E 

f_  _ f dp  + f__  _f  dp  + [ f dp) 

JE-E  m 'EE  F m JEE  -F  n 

E E E 

£ D (Lf  dp,L  _ f dp)  + D (L_  _f  dp,  [ f dp) 

p JE-E  n *,JE-E  m p J EE  F n M,JEE  Fra 

£ £ E E 

+ D (j__  _f  dp, f _f  dp) 
p J EE  -F  n JEE  -F  m 

£ E 

S P<JE-E  fnd“>  * »<Je-E  fmdu) 

£ E 

+ p(JeE  Ffndu)  + p(J"eE  Ffmdu)  + ^ EE  -FDp(fn’fm)du 
£ £ £ 

< 5e. 


Definition  2.  Assume  Pq(X)  is  complete  (if  X is  a Banach  space  for 
example).  A function  f:S  -*■  PQ(X)  will  now  be  called  integrable  if 
there  is  a sequence  (fn)  in  L(X)  such  that  for  every  continuous 
seminorm  p, 

(1 ) D (f  ,f ) - p - 0, 

P n 

(2)  lim  . . J p (f  )dp  = 0 uniformly  in  n,  and 

p v.  E / -K) J E n 

for  every  e > 0 there  is  a set  E e E with  finite  measure  such 

E 

that  p(Lf  dp)  < e for  all  n and  E e E with  E (~S  - E . 
n.  n e 


(3) 
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Since  PQ(X)  is  complete  Lemma  1 shows  that  the  limit  lira^Jgf^dp 

exists  for  every  Eel.  The  integral  of  f over  E is  given  by 

Lfdp  =*  lim  Lf  dp.  It  follows  from  the  proof  of  Lemma  1 that 
JE  nJE  n 

lim  J g dp  =*  limLf  dp  for  any  other  sequence  (g  ) also  satisfying 
Ci  n J e n 

conditions  (1),  (2),  and  (3). 

Remarks.  In  this  section  functions  in  L(X)  will  be  called  strongly 
integrable.  It  is  clear  that  any  strongly  integrable  function  f is 
integrable  in  the  new  sense  by  taking  the  sequence  (fn)  where  fn  = f 
for  all  n. 

Theorem  3«  If  X is  normed,  then  for  f integrable  there  is  a sequence 
(gn)  of  simple  (strongly)  integrable  functions  satisfying  the 
conditions  of  definition  2.  Thus  f is  strongly  integrable  by  the 
Vitali  Convergence  Theorem. 

Proof ; Let  (fn)  be  a sequence  from  definition  2.  The  topology  of 
convergence  in  measure  for  real  valued  functions  on  S is  a metric 
topology  (see  Lemma  III. 2. 7 of  Dunford  and  Schwartz  [Du58])  with  norm 
|r|p.  Since  f^  e L(X)  there  is  a sequence  of  simple  functions 
converging  in  measure  to  fn  and  also  in  L(X).  Therefore  there  is  a 
3iraple  function  gn  such  that  lD(fn*gn)|F  < 1/n  and  /sD(fn*8n)dy  < 1/n* 

Then  |D(f,g  )\  Z |D(f,f  )L  ♦ 1/n  -*•  0;  hence  D(g  ,f)  - p -*•  0.  Let 
n r n 1 c n 

e > 0 and  choose  n such  that  1/n  < e.  Choose  5 > 0 such  that 

e e 

p(E ) < 5 implies  J | f | dp  < e for  all  n and  f | g | dp  < e for 

u li  u fl 
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n = 1,2,...,n  . Then  for  u(E)  < 5 and  n £ n we  have 
e e 

|E|gn|du  S IED(8n.fn)du  ♦ JE|fn|dy  < 1/n  + e S 1/n£  + e < 2e  and  it 

follows  that  limp(E)+Q.fE  |8n  ldW  = 0 uniformly  in  n*  Eet  Ee  be  the  set 

given  by  condition  (3)  and  let  E'  be  the  union  of  the  sets 

E - {s:g  (s)  * 0}  for  n * 1,...,n  . Since  gn  is  integrable 
gn  n e 11 

p(E  ) < «,  and  for  F = E E'  we  have  u(F  ) < *.  Let  E C~  S - F 
gn  ee  e v-  e 

with  E e E.  For  n £ n we  have  I Lg  du  I =*  0 and  for  n £ n we  have 

e 1 1 En  K|  e 

^ESndwl  * J'ED^gn,fn^dli  + ^Efndwl  < 1/ne  + e < 2e*  The  theorem  is 

proved. 

Lemma  4.  For  E e E the  function  f -*•  f fdu  is  additive  and  homogenous 

u 

on  the  class  of  integrable  functions. 

Lemma  5.  For  f integrable  the  set  function  E Lfdu  is  additive  and 

J E 

y-continuous  on  E and  for  e > 0 there  is  a set  E e E such  that 

e 

y(E  ) < ® and  p(f  fdy)  < e for  Efs  - E . 
e 4 c*  c 

Lemma  6.  The  integral  is  convex  valued. 

Theorem  7.  If  y is  countably  additive  and  finite,  then  Jfdy  is 
countably  additive. 

Theorem  8.  Let  f:S  PQ(X)  and  (f^)  a sequence  of  integrable  (not 
necessarily  in  L(X))  functions  satisfying  the  conditions  of  definition 
2.  Then  f is  integrable  and  /gfdp  = lin^Jgf^dy. 
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Proof:  For  each  n choose  a sequence  (fnk)  in  L(X)  such  that 

D (f  , ,f  ) - u -*■  0 and  Lf  , dy  -*>  [_ f dy,  E e Z . Let  e > 0 and 
p nk’  n * JE  nk  M J E n 

fix  p.  For  each  n there  is  an  integer  kn  such  that 

Dp^E^ndl1' ^E^nkd^  < e for  k ■ kn  8111(1  without  loss  of  generality  we 

assume  Dp(/Efndy » JEfn|<dlJl)  < e for  all  n»k*  Now  for  each  n choose  kn 

such  that  lDp(fn»fri|<)  Ip  < 1/n*  Then  Dp(gn»f)  - y -*•  0 where 

gn=fnk*  Clearly  (2)  and  (3)  hold  for  (gn).  It  follows  that  f is 

integrable  and  jgfdy  * lim^J^g^dy.  Also  for  every  p and  e > 0 we  have 

Dp<JEfOuJBfnd»)  S Dp(JEfdu,JE8ndu)  * I>p(JEgnd„,JEfnd„) 

< e for  n large. 

Theorem  9.  Assume  y is  finite.  If  (f^)  is  a sequence  of  integrable 

functions  and  f is  a function  such  that  D (f  ,f)  - y -*•  0 for  every  p 

p n 

and  the  limit  lim^J^f^dy  exists  for  every  E e Z,  then  f is  integrable 
and  JEfdy  - limJEfndy. 

Proof : The  result  follows  from  Theorem  8 and  Theorem  2.8. 

Theorem  10.  If  y is  finite  and  f is  integrable,  then  f is  weakly 
integrable. 

Proof : Let  (fn)  be  a sequence  of  strongly  integrable  functions 

satisfying  the  conditions  of  definition  2.  Then  (fn)  and  f satisfy 
the  hypothesis  of  Theorem  5.6  and  the  result  follows. 
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Remarks.  If  S is  a Banach  space,  a weak  integral  based  on  the 
integral  of  this  section  and  definition  5.2  is  easily  defined. 

Finally,  another  approach  to  enlarging  the  class  of  integrable 
functions  is  given  as  follows:  A function  f is  integrable  if  there  is 

a sequence  (fn)  of  simple  functions  in  L(X“)  such  that 
DpCf^.f)  - y -*■  0 for  every  p and  lim^Jgf^dy  exists  for  every 
E e E. 

III. 7 Integration  With  Respect  to  a Vector-Set  Valued  Measure 
An  integration  theory  for  set  valued  measures  is  presented  in 
Brooks  [Br68a]  and  [Br68b].  We  establish  here  a kind  of  monotone 
convergence  theorem  for  the  integral. 

Lemma  1.  Let  A,B,A  ,B  , n = 1,2,...,  be  bounded  subsets  of  X such  that 
n n 

A B for  every  n,  D (A  ,A)  -*•  0,  and  D (B  ,B)  -*•  0.  Then  A B. 
n n p n p n 

Proof:  Fix  a e A and  let  p and  let  e > 0 be  given.  Choose  n^  such  that 

D (A  , A)  < e and  D (B  ,B)  < e for  n 2 n, . Let  x e A such  that 
p n1  P n1  1 n1 

p(a  - x)  < e/2.  Since  x e B there  is  an  element  b e B such  that 

nl 

p(x  - b)  < e/2;  hence  p(a  - b)  < e.  It  follows  that  x is  in  any 
neighborhood  of  B. 

Definition  2.  Let  y:E  * Pq(X)  be  additive,  y is  monotone  if 
y (E)  y(F)  for  E,F  e E with  E F.  Note  that  y(<|>)  = {0}  since  y is 
additive  and  thus  for  a monotone  function  y one  has  0 e y(E)  for 


all  E e E 
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Lemma  2.  Let  n be  a scalar  valued  function  on  E.  A real  valued 
function  f on  S is  the  limit  in  p-raeasure  of  a sequence  of  simple 
functions  on  S if  and  only  if  for  each  e > 0 there  are  disjoint  3ets 
E , A®,  aL...,A^  in  E such  that  s\e  =*  (Jam  v(w’E  > < e»  and 

S I w n 0 L C 

sup  |f(s)  - f ( t ) I < e. 

s,teA? 

Proof;  Suppose  there  is  a sequence  (f^)  of  simple  functions  converging 

to  f in  p-raeasure.  Let  e > 0 and  choose  n such  that 

e 

* . . 

v (p,{s:  f(s)  - f (s)  > e/3})  < e.  Choose  a set  E e E with 

1 n 1 e 

e 

{s:  If  (s)  - f (s ) I > e/3}  E and  v(p,E  ) < e.  Let  f = Ea.U 
n 1 e e n i E. 

e e i 

where  (E^  is  a finite  disjoint  sequence  with  S =■  For 

A^  - E. O (S\E£  ) we  have  u - s\e£  and  for  all  sft  e A?  we  have 

| f ( 3 ) - f (t)  | S | f (s ) - fn  (3) | ♦ |fn  (3)  - f (t)  | + |f  (t)  - f (t)  | 

e e e ne 

< 2e/3, 

thus  sup  | f (s ) - f ( t ) | < e. 

s ,teA? 

Conversely,  suppose  the  sets  exist  for  arbitrary  e > 0.  For  a 

M /u 

positive  integer  k,  let  f - E.  a 1 where  F..  = A,  ' and 

K 1 ^ 1 1 r ^ i k 1 

a - f(s)  for  some  s e F..  . Let  5 > e > 0 and  choose  k such  that 
i ik  e 

1/k  < e.  Then  for  k £ k we  have  {s:|f  (s)  - f(s)|  > 5} 
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ta:|fk(a)  - r Ca)  | > 1/ke}CE1/k  and  thu3  v*(u#  {a:  |fk(a)  - f(a)|  > 5}) 

e 

£ v(y,E  ) < e.  It  follows  that  the  sequence  (f  ) of  simple  functions 
1 /k  k 

£ 

converges  in  measure  to  f. 

Lemma  3.  If  f is  a positive  totally  pi-measurable  function  on  S,  then 

there  is  a sequence  (f  ) of  simple  functions  converging  to  f in  measure 

n 

with  0 £ f S f for  all  n. 
n 

Proof:  For  each  n there  are  disjoint  sets  in 

1 * n 

Z such  that  v(pi,s\{J  A?)  < 1/n  and  sup  |f(s)  “ f(t)|  < 1/n. 

'  *  1 11 S,t£A^ 

k 1 

Define  f - E.n,a. 1 where  a.  * inf  f(a).  Then  f is  a simple 

11  1 = 1 1 A*  1 SeA* 

function  such  that  0 £ f (s)  £ f(s)  for  all  s e S.  If  s e An,  then 

n i 

| f ( s ) - a I £ 1/n  so  that  {s:  |fn(s)  - f (a)  | > 1/n}C  S\UiAJ-  Thus 
v*(y,  {s:  |f  (s)  - f (s)  | > 1/n})  < 1/n.  It  follows  that  fn  - y -►  f. 

Lemma  4.  Let  y:Z  + X be  an  additive  monotone  function.  If  f,g  are 
nonnegative  integrable  functions  on  S such  that  f £ g almost 
everywhere,  then  for  E £ Z,  {gfdpi^Jggdy. 

Proof:  For  0 £ a £ b and  E £ Z,  0 £ u(E)  and  since  y(E)  is  convex, 

ay(E)£  bu(E).  Suppose  f and  g are  simple.  We  may  write  f - la  1 , 

i Ei 

g - Zb  1 where  a £ b.  for  all  i.  Then  for  E £ I we  have 
IS.  I I 


JEfdy  - Iaiu(EEi)CSbi(EE1)  * J£gdy. 
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For  general  f and  g,  choose  sequences  (f  ) and  (h^)  of  simple 

functions  converging  in  measure  to  f and  g,  respectively,  such 

that  0 £ f £ f,  and  0 £ h £ g for  all  n.  The  function 
n n 

g^  =•  fnV  h^  is  a simple  function  such  that  f^  £ gn  £ g for  all  n. 
For  each  e > 0 the  inclusion  {s: | gn ( s ) - g(s)|  > e} 

{s: [h^ (s ) - g (s ) | > e}  obtains  and  thus  (g^)  converges  in  measure  to 
g.  Since  f^  and  g^  are  simple  with  f^  £ gn  we  have  J^f^dy  £ J"E8ndu 
for  each  n.  Now  since  f and  g are  integrable  the  dominated 
convergence  theorem  of  Brooks  shows  that  JElf‘n  ” f|dv(y)  -*•  0 and 
JE|gn  - g|dv(u)  -*•  0 thus  by  Lemma  2(ii)  of  Brooks  [Br68a] 

D(^Efndw,J'Efdu)  0 ^ D(lESndu,^Egdy)  * °*  By  Lemma  1 /gfdu  is 

contained  in  the  closure  of  J gdy. 

Theorem  5.  If  (f^)  is  an  increasing  sequence  of  positive  integrable 
functions  converging  pointwise  to  an  integrable  function  f,  then  the 
sequence  of  sets  (/Ef‘ndu)n  increases  to  the  set  /gfdp  for  every 
E e E. 

Proof:  By  Lemma  4,  for  each  n we  have  IEf’nd^  d/gfn+-|  dV>  0/EfdU* 

By  the  dominated  convergence  theorem,  Js|f‘n  ~ f|dv(y)  -*■  0,  hence 

D(JEfndw^Efdli)  * °* 


CHAPTER  IV 
CONCLUSION 


We  have  given  natural  generalizations  for  the  Pettis  integral  and 
for  the  Bartle-Dunford-Schwartz  integral  by  using  finitely  additive 
measures  and  in  the  latter  case,  by  allowing  the  measures  to  take 
their  values  in  a locally  convex  space. 

We  have  given  a natural  generalization  of  the  Bochner  integral  by 
allowing  the  functions  to  take  their  values  in  the  set  of  bounded 
convex  subsets  of  a locally  convex  space.  Furthermore,  we  have  shown 
the  equivalence  of  this  new  integral  and  the  Aumann  integral  under 
certain  circumstances. 
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